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Abstract 

The universal sl 2 invariant of bottom tangles has a universality property for the colored Jones 
polynomial of links. Habiro conjectured that the universal sl 2 invariant of boundary bottom 
tangles takes values in certain subalgebras of the completed tensor powers of the quantized 
enveloping algebra Uh(sl 2 ) of the Lie algebra sl 2 . In the present paper, we prove an improved 
version of Habiro's conjecture. As an application, we prove a divisibility property of the 
colored Jones polynomial of boundary links. 

1 Introduction 

In the 80's, Jones [9] constructed a polynomial invariant of links. After that, Reshctikhin 
and Turaev [20) defined an invariant of framed links whose components are colored by finite 
dimensional representations of a ribbon Hopf algebra. The colored Jones polynomial is the 
Reshctikhin- Turaev invariant of links whose components are colored by finite dimensional 
representations of the quantized enveloping algebra Uh(sl 2 ). 

The universal invariant associated with a ribbon Hopf algebra is an invariant of framed 
links and tangles which are not colored by any representations, see Hennings [5], Lawrence 
Reshetikhin [2D], Ohtsuki [ID], Kauffman [TDJ, and Kauffman and Radford [UJ. The 
universal invariant has the universality property for the Reshetikhin- Turaev invariant. By the 
universal sl2 invariant, we mean the universal invariant associated with Uh{sl 2 )- In particular, 
one can obtain the colored Jones polynomial from the universal sl 2 invariant. 

A bottom tangle is a tangle consisting of arc components in a cube such that each boundary 
point is on the bottom line, and the two boundary points of each component are adjacent to 
each other, sec Figure Q] (a) for example. We can define the closure link of a bottom tangle, 
see Figure [1] (b) . For each link L, there is a bottom tangle whose closure is L. In 0], Habiro 
studied the universal invariant of bottom tangles associated with a ribbon Hopf algebra, and 
in [6], he studied the universal SI2 invariant in detail. 

The universal sl 2 invariant of n-component bottom tangles takes values in the completed 
n-fold tensor power Uh{sl 2 )® n of Uh{sl 2 ). By using bottom tangles, we can restate the 
universality of the universal sl 2 invariant: the colored Jones polynomial of a link L is obtained 
from the universal sl 2 invariant of a bottom tangle whose closure is L, by taking the quantum 
traces associated with the representations attached to the components of links (cf. [4]). 

We are interested in relationships between the algebraic properties of the colored Jones 
polynomial and the universal sl 2 invariant and the topological properties of links and bottom 
tangles. 
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(a) (b) 
Figure 1: (a) A bottom tangle T (b) The closure link of T 




Figure 2: A boundary bottom tangle 

Eisermann [5] proved that the Jones polynomial of an n-componcnt ribbon link is divisible 
by the Jones polynomial of the ?i-componcnt unlink. This result is generalized to links which 
are ribbon concordant to boundary links by Habiro [7]. Habiro [6] proved that the universal 
s?2 invariant of n-component, algebraically-split, 0- framed bottom tangles takes values in 
certain small subalgebras of the completed tensor powers of Uhish), and gave a divisibility 
property of the colored Jones polynomial of algebraically-split, 0-framcd links. 

In [2T], the present author proved an improvement of Habiro's result for algebraically-split, 
0-framed bottom tangles, in the special case of ribbon bottom tangles and ribbon links. 

In the present paper, we study the universal sh invariant of boundary bottom tangles. A 
bottom tangle is called boundary if its components admit mutually disjoint Scifcrt surfaces, 
see Figure [2] for example. We can obtain each boundary link from a boundary bottom tangle 
by closing. Habiro [5] conjectured that the universal sl2 invariant of boundary bottom tangles 
takes values in certain subalgebras of the completed tensor powers of Uhish)- We prove an 
improved version of Habiro's conjecture (Theorem ll.2[) . 

1.1 Main result 

The quantized enveloping algebra Uh = Uhish) is an /i-adically completed Q[[/i]]-algebra (see 
Section |2~21 for the details). We set q = exph. 

Habiro j6] proved that the universal sh invariant Jt of an n-componcnt, algebraically- 
split, 0-framed bottom tangle T is contained in the Z[q, g- x ]-subalgebra (W|")® n of U® n . In 
[H], we defined another Z[q, g-^-subalgebra (C7 g ov )"®" C (U^)^, and prove the following 
theorem. (See Section [2731 for the definition of U^ v 1 and see Sections 16. 1H6. 41 for the definition 
of the completion [U° v y® n of (£7 g cv )®".) 

Theorem 1.1 ([21]). Let T be an n-component ribbon bottom tangle with 0-framing. Then 
we have J T G {U° v y® n . 

The main result of the present paper is the following. 
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Theorem 1.2. Let T be an n-component boundary bottom tangle with 0-framing. Then we 
have J T £ (C/ g cv )-®". 

Remark 1.3. Habiro [6j Conjecture 8.9] conjectured Theorem 11.21 with {U^)"® 71 replaced 

with the Z[q, (T^-subalgebra (1> V )~®™, which includes (C7° v )"® n . We do not know whether 

the inclusion {U^)~® n C {U™)~® n is proper or not. The definition of our algebra (U° v y® n 
appears to be more natural. 



Since every 1-component bottom tangle is boundary, Theorem ll.2l for n = 1 gives a possible 
improvement of the following theorem. 

Theorem 1.4 (Habiro). Let T be an 1-component bottom tangle with 0-framing. Then we 
have J T £ (U° v )~. 

Theorem II .41 follows from [51 Theorem 4.1] and the equalities 

Inv(W™) = Z(U?) = Z((U° 



rcv\~\ 



which is implicit in [5J Section 9]. Here, for a subset X C [/k, we denote by liw(X) the 
invariant part of X, and by Z(X) the center of X. 

If we use the one-to-one correspondence described in [U Section 13] between the set of 
bottom tangles and the set of string links, then we can define the Milnor /2 invariants [T71 ITS] 
of a bottom tangle as that of the corresponding string link. See [3] for the Milnor p, invariants 
of string links. In fact, all Milnor fx invariants vanish both for ribbon bottom tangles and 
boundary bottom tangles. It is natural to expect the following conjecture. 

Conjecture 1.5. If T be an n-component bottom tangle with 0-framing with vanishing all 
Milnor p, invariants, then we have Jt S (C/° v )" <8 ™. 

The converse of Conjecture 11.51 is also open. 
1.2 Application to the colored Jones polynomial 

We give an application (Theorem I1.6P of Theorem 11.21 to the colored Jones polynomial of 
boundary links. This result is parallel to the result for ribbon links [2Tj . 
We use the following g-integer notations: 

{i}q = Q l -' s -, {«}?,« = W 9 {« - 1}, • • ■ {« - n + 1}„ {n} q l = {n} g ,„, 

i 



[i]q = {iVI 1 }-?, W? ! = [n]q[n - l] g ■ ■ ■ [1]„ 



= {i}q.n/{n} q \, 

q 



for i g Z,n > 0. 

For m > 1, let V m denote the m-dimensional irreducible representation of Uh- Let TZ 
denote the representation ring of Uh over Q(<p), i.e., TZ is the Q(<p )-algebra 

n = Span Q(^)^ ym I m - 
with the multiplication induced by the tensor product. It is well known that TZ = Q(q^)[V2\. 
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For I > 0, set 

l-i 



i=0 
Q 2 

P '=W' P ' eK - 

which are used in [B] to construct the unified Wittcn-Rcshctikhin-Turacv invariants for integral 
homology spheres. We denote by J L . P , P i the colored Jones polynomial of L with ith 

component Li colored by P[. . Habiro proved that Theorem 11.21 implied the following result. 
For I > 0, let denote the ideal in Z[q, q _1 ] generated by {I — k} q \{k} q \ for k = 0, . . . , I. 

Theorem 1.6 ([6] Conjecture 8.10]). Let L be an n-component boundary link with 0-framing. 
For h, . . . , l n > 0, we have 



Jl;P! p> e 



{2lj + l}gJ J+ l f 
— ll, ■ ■ ■ h. ■ ■ ■ ll 



where j is an integer such that lj = max{Zi}i<i<„, and ij. denotes the omission of Iu. 

Remark 1.7. For m > 1, let $ m (g) = Ild|m(9 d _ 1) m( ^' ) € Z[g] denote the mth cyclotomic 
polynomial, where Hd|m denotes the product over all the positive divisors d of m, and /i is the 
Mobius function. It is not difficult to prove that for I > 0, is contained in the principal ideal 
in Z[q] generated by fl m c f> m (g) /( '' m) with f(l,m) = max{0, |_^-J - 1}, where, for r E Q, we 
denote by [/"J the largest integer smaller than or equal to r. 

Theorem 11.61 is an improvement in the special case of boundary links of the following 
result. 

Theorem 1.8 (Habiro [51 Theorem 8.2]). Let L be an n-component, algebraically- split link 
with 0-framing. For l\, . . . , l n > 0, we have 

_ {2lj + l} q .l J+ l _! 
J L;P'...,P! G m Z W'? I- 



1.3 Examples 

Let Tb be the Borromean bottom tangle depicted in Figured] (a), whose closure is the Bor- 

romean rings. Since we have Jt b (C/| v )"® 3 (cf. [21]), it follows from Theorem 1 1 . 2 1 that the 
Borromean rings is neither boundary nor ribbon, as is well known. 

More generally, for n > 3, let M n be Milnor's n-component Brunnian link depicted in 
Figured] (b). Note that M3 is the Borromean rings. Since there is a non-trivial Milnor ft 
invariant of M n of length n (cf. j!7j). M n is neither boundary nor ribbon. We can prove this 
fact also from Theorem 11.61 and 

J Mn ;Pl,...,Pi = (-l) n - 2 3- 2n+4 *l(«) n - 2 *2(«) n - 2 $3(«)$4(g) n - 3 

Mifor^GrtSsGOZfofT 1 ], 
which we will prove in a forthcoming paper [22] . 
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(a) (b) 
Figure 3: (a) Borromean rings (b) Milnor's link M, 




Figure 4: (a) A tangle (b) The framing on the boundary 
1.4 Organization of paper 

The rest of the paper is organized as follows. Section [2] contains preliminary results about 
bottom tangles, the quantized enveloping algebra Uh, and the universal s/2 invariant of bottom 
tangles. In Section |3l we recall from [6] Habiro's formula for the universal SI2 invariant of 
boundary bottom tangles, and then give a modification of his formula. In Sections 01 [5l and 
[6l we prove Theorem II. 21 

2 Preliminaries 

In this section, we recall basic things about bottom tangles, the universal enveloping algebra 
Uh, and the universal s?2 invariant of bottom tangles. 

2.1 Bottom tangles and boundary bottom tangles 

A tangle (cf. [12] ) is the image of an embedding 

m n 

(U[o,i])u(U^)^[o,i] 3 , 

with m, n > 0, whose boundary is on the two lines [0, 1] x {i} x {0, 1} on the bottom and the 
top of the cube, see Figure|3](a) for example. We equip the image with both an orientation and 
a framing. Here, at each boundary point, the framing is fixed on the lines [0, 1] x {|} x {0, 1} 
as in Figure 2] (b) , where the thin arrows represent the strands of the tangle, and the thick 
arrows represent the framing. 

A bottom tangle (cf. [H [6]) is a tangle consisting of arc components such that each 
boundary point is on the line [0, 1] x {i} x {0} on the bottom, and the two boundary points 
of each component are adjacent to each other. We give a preferred orientation of the tangle 
so that each component runs from its right boundary point to its left boundary point. For 
example, sec Figure [S] (a) , where the dotted lines represent the framing. We draw a diagram 
of a bottom tangle in a rectangle assuming the blackboard framing, sec Figure [5] (b). 
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Figure 5: (a) A 3-component bottom tangle T (b) A diagram of T 



For each n > 0, let BT n denote the set of the ambient isotopy classes, relative to boundary 
points, of n-component bottom tangles. 

The closure link cl(T) of a bottom tangle T is defined as the link in M 3 obtained from T 
by closing, see Figure Q] again. For each n-component link L, there is an n-component bottom 
tangle whose closure is L. For a bottom tangle, we can define its linking matrix as that of 
the closure link. 

A Seifert surface of knot K is a, compact, connected, orientable surface F in R 3 bounded 
by K . An n-component link L — L\ U • • ■ UL n is called boundary if it has n mutually disjoint 
Seifert surfaces F\, . . . , F n in R 3 such that L{ bounds Fi for i = 1, . . . , n. 

For a 1-component bottom tangle T € BT\, there is a knot Kt = T U 7 G [0, l] 3 , where 
7 is the line segment in the bottom [0, 1] x {i} x {0} such that d*y = dT. A Seifert surface 
of a 1-component bottom tangle T is a Seifert surface of the knot Kt contained in [0, l] 3 . A 
bottom tangle T = TiU- • -UT n is called boundary if it has n mutually disjoint Seifert surfaces 
Fi, . . . , F n in [0, l] 3 such that if^ bounds for z = 1, . . . , n. For example, see Figure again. 
Obviously, for each boundary link L, there is a boundary bottom tangle whose closure is L. 



2.2 Quantized enveloping algebra U h 

We recall the definition of the universal enveloping algebra Uhisfo) of the Lie algebra 5/2, and 
its ribbon Hopf algebra structure. We follow the notations in [6]. 

We denote by Uh = Uh{sh) the /i-adically complete Q[[/i]]- algebra, topologically generated 
by H, E, and F, defined by the relations 

HE -EH = 2E, HF-FH = -2F, EF - FE = - -r- , 

qi/2 _ q 1/2 

where we set 

tt to hH 
q = cxp h, K = q 1 = cxp — ^— . 

We equip Uh with the topological Z- graded algebra structure such that deg E = 1, deg F = 
— 1, and dcgiJ = 0. For a homogeneous element x of Uh, the degree of x is denoted by \x\. 

There is a complete ribbon Hopf algebra structure on Uh as follows. The comultiplication 
A: Uh — > Uh®Uh, the counit e: Uh Q[[h]], and the antipode S: Uh — )• J7ft are given by 

A(ff) = /f O 1 + 1 <g) if, e( J ff)=0, S(H) = -H, 
A(E) ~E®l + K®E, e(E) = 0, S(E) = -K^E, 
A(F) = F ® if" 1 + 1 <g> F, e(F) = 0, 5(F) = —FK. 
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Set 

D = qi H ® H =exv(~H®H) G tff , (1) 

p(n) = F n R n /[n]ql £ ^ (2) 

e = (g 1/2 -g- 1/2 )i?G[4, (3) 
for n > 0. The universal i?-matrix and its inverse R^ 1 G Uh®Uh are given by 

R =D q^ n -^F [n) K- n ® e n , 

n>0 

R- 1 =D- X ^(-l) n FW ® K~ n e n . 

n>0 

We have R^ 1 = ^2 n>0 oc^ ® Pn> where for n > 0, we set formally 

On ® p n ( = a+® p+) = D (q^ n -^F^K- n ® e") , 
a£®p-= D- 1 ({-l) n F^ ® K~ n e n \ . 

Note that the right hand sides are infinite sums of tensors of the form as x®y with x, y G Uh- 
We denote them by 8> /3„ for simplicity. 

The ribbon element and its inverse r G Uh are given by 

n>0 rt>0 n>0 n>0 



We use a notation D = ^ D' <g) D". We use the following formulas. 

Y,D" ®D' = D, (4) 

(A ® 1)D = D23D13, (1 ® A)D = Di 3 I>ia, (5) 

(e®l)(D) = l = (l®e)(D), (6) 

(1 ® S*)L> = I?" 1 = (5®1)A (7) 

D(l (81 x) = (A |x| ® sc)£), 1) = (x®K M )D, (8) 



where D13 = D' <E> 1 <E> D", D23 = 1 <S> D, D12 = D <g) 1, and x £ Uh homogeneous. 
2.3 Subalgebras of Uh 

In this section, we recall from [6] subalgebras £/z, g , U q and L^ v of Recall from ((2|) and ((3]) 
the definitions of F^ n > G [7^ and e G respectively. Similarly, set 

B (n) = (<T 1/2 £)7[n] g ! 6 C^h. 
/ = (g - G E/fc, 

for n > 0. 

Let £/z jg denote the Z[g, <7 _1 ]-subalgcbra of Uh generated by K, K~ x , E^ n \ and i^™' for 
n > 1. 

Let Oq denote the Z[g, g~ 1 ]-subalgebra of [7z i9 generated by if, _1 , e and /. Let £/® v be 
the Z[g, g _1 ]-subalgebra of U q generated by K 2 , K~ 2 , e and /. 
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Remark 2.1. Set [i] = g q l /2 Z 9 q -i/~2 for i 6 Z and [n]! = [n] ■ ■ • [1] for n > 0. Let U z be the 

"L[q 1/2 , <T 1/2 ]-subalgcbra of U h generated by K, K~ l , £ (n) = E n /[n}\, and = F n /[n}\ for 
n > 1 (Lusztig's integral form, cf. [IS]). We have 

U z = U Ztq ®z lq , q -i]Z[q 1/2 ,q- 1/2 ). 

Let C7 denote the Z^ 1 / 2 , g" 1 / 2 ]-subalgebra of £7/, generated by K, K^ 1 , {q 1 / 2 - q~ 1/2 )E, and 
( g i/2 _ g -i/aj_p ( cf _ p)_ We have 

# = tf,®z[,,,-i]Z[<Z 1/2 ,<T 1/2 ]- 

There is a Hopf Z[g, g^J-algebra structure on L?z j9 inherited from Uh (cf. [TB1[5T]). We 
have 

m 

A (£;('")) = ^ E ^ m -^K j <g> (9) 

3=0 
m 

A (^(™)) = gfW, (10) 

5 ±1 (-B (m) ) = (-l) m 9 3™(™Tl) if -m£;(™) ] ( U ) 
gil^C"*)) _ (_2.) m (7 _ 5 m ( m= Fl)^-™j7 , (m) ; ^2) 

for i 6 Z,m > 0. Similarly, there is a Hopf Z[g, -algebra structure on U q inherited from 

u h (cf. [he]). 

Let £7° denote the Cartan part of Uh, i.e., the subalgcbra of Uh topologically generated 
by H. Let U q denote the Z[g, <7~ 1 ]-subalgebra of U q generated by K and K~ x . Let U q v0 be 
the 1\q, g _1 ]-subalgcbra of U q generated by K 2 and K~ 2 . We have 



u° q =u q nul u° v0 = u« v nu h . 



2.4 Adjoint action 



In what follows, we use the following notations. For m > 0, let : Uh — > U? m denote the 
m-output comultiplication defined by A^l = e, AM = idu h , and 

A M = (A (g) idg™~ 2 ) o Al™- 1 !, 

for m > 2. For a; £ [7^, m > 1, we write 

A[ m l(x) = J]x (1) (8---«)a; (m) . 

For mi , . . . , m; > 0, set 

A [m I ,...,m I ] = A [mi] ® . . . <g, A [ m 'l : J/®* U ^m 1 +-+m, _ ^ 

We use the left adjoint action ad: Uh®Uh — > Uh defined by 

a,d(x <g> y) = ie > j/ := ^ X(i)y5(x( 2 )), (14) 
for x,y £ Uh- We use the following proposition. 
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(a) (b) (c) 

Figure 7: (a) A bottom tangle B € BT 2 (b) A diagram of B (c) The labels which are put on 
the diagram of B 

Proposition 2.2 ([21, Proposition 3.2]). We have 

U z , q > c U lA > if i/ 9 cv c ^C7 ? cv . 

We also use a right action ad: Uh®Uh — > Uh, which is the continuous (Q>[ [h]] -linear map 
defined by 

a,d(y(g>x) =y<x : = S^ 1 (x( 2 ))yx {1 ^ 

for x 7 y e [Tfc. Proposition 12.21 implies the following. 
Corollary 2.3. We have 

U c q v < Ui. q c U c q \ KU c q v < U z , q C KU° V . 
2.5 Universal sl 2 invariant of bottom tangles 

For an n-component bottom tangle T = T\ U • • • U T n G BT n , we define the universal sl 2 
invariant J T E U^ n as follows (H3S]). 

We choose and fix a diagram of T obtained from the copies of the fundamental tangles 
depicted in Figure |H1 by pasting horizontally and vertically. For example, for the bottom 
tangle B depicted in Figure [7] (a), we can take a diagram depicted in Figure 0(b). We denote 
by C(T) the set of the crossings of the diagram. We call a map 

a: C(T) ->. {0,1,2,...} 

a state. We denote by S(T) the set of states of the diagram. 

Given a state s £ <S(T), we attach labels on the copies of the fundamental tangles in the 
diagram following the rule described in Figure [51 where "S"" should be replaced with id if the 
string is oriented downward, and with S otherwise. For example, for a state t £ S(B), we put 
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Figure 8: How to place labels on the fundamental tangles 



labels on the diagram of B as in Figure [7] (c), where we set m = t(c±) and n = t(c2) for the 
upper and the lower crossings c\ and C2, respectively. 

We define an element Jt, s € Uf n as follows. The zth tensorand of Jt, s is defined to be 
the product of the labels put on the component corresponding to Ti, where the labels are read 
off along Ti reversing the orientation, and written from left to right. We identify the labels 
S'(af) and S'((3f) with the first and the second tensorands, respectively, of the element 
S'(af) ® S'ifif) G 2 . Also we identify the label K ±l with the element K ±Y E U h . Then, 
Jt, s is a well-defined element in U? n . For example, we have 

Jbj = S(a m )S((3 n ) (g> atnfim 

= q^ m - r \^ n -^S{D[F^K- m )S{D'ie n ) ® D' 2 F^ K~ n D'{e m 

= (—iy n+n q~ n+2rnn D~ 2 (F( m ^K~ 2n e n ®F ( ' n ^K~ 2rn e m ) £ U^ 2 , 

where D = D[ <S> D'{ = D' 2 <8> D 2 . Note that Jt, s depends on the choice of the diagram. 
Set 

Jt= V F 



/ t "T,s- 
<ES(T) 



For example, we have 



J B = Jb ^ = ]C (-l) m+n q- n+2mn D- 2 (F {rn) K~ 2n e n (E)F {n) K- 

teS(B) m,n>0 



2m „m\ 



As is well known |19j , Jt does not depend on the choice of the diagram, and defines an isotopy 
invariant of bottom tangles. 



3 Universal invariant of boundary bottom tangles 

In this section, we recall Habiro's formulas for boundary bottom tangles at the topological 
level (Proposition I3.1[) , and at the algebraic level on the universal sl 2 invariant (Proposition 
13 . 3[) . Then, we modify these formulas into a form more convenient for our purpose. After 
that, we study the commutator maps of Uh- In the last section, we give an outline of the 
proof of Theorem 1 1.2 1 

In what follows, we use the following notations. Let rj: Q[[h]] — > Uh be the unit morphism 
of U h and /j,: Uf 2 -> U h the multiplication of U h . For g > 0, let (M : uf 9 -> U h denote the 
g-input multiplication defined by /z' ' = 77, ^ — i&u h , and 

/i M= At [5-i]o( M ®id^- 2 ), 

for g > 2, For g x , . . . , g n > 0, set 
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Figure 9: How to arrange Seifert surfaces 
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Figure 10: (a) Y b m (V) G BT g for V G BT 2g (b) /ijf 1 '"" 9 " 1 W G BT„ for IF £ BT< 



3.1 Habiro's formula (topological level) 

Let T = Xi U • • • U T„ G BT„ be a boundary bottom tangle and Fi, . . . , F n mutually disjoint 
Seifert surfaces such that <9F, ; = for i = 1, . . . , n. We can arrange the surfaces i*\ , . . . , F„ as 
depicted in Figure^ where Double(T') is the tangle obtained from a bottom tangle T" G BT2 g , 
where 5 = gi + ■ • • + g n with g.; = genus(-Fi), by first duplicating and then reversing the 
orientation of the inner component of each pair of duplicated components. 

The above arrangement of the Seifert surfaces implies the following result, which appears 
in the proof of [4j Theorem 9.9]. 

Proposition 3.1. For a bottom tangle T G BT n , the following conditions are equivalent. 

(1) T is a boundary bottom tangle. 

(2) There is a bottom tangle T' G BT2 gi g > 0, and integers gi,...,g n > satisfying 
gi + • ■ • + g n = g, such that 

T = $ 1 '-' 9n] Y® 9 (T% (16) 

where Y® 9 : BT2 g — > BT g and ^ lr "' 9r ^ ■ BT g — >• BT n are defined as depicted in Figure 
\10\ (a) and (b), respectively. 



3.2 Habiro's formula (algebraic level) 

Recall from [4j Proposition 9.7] the commutator morphism Yh_: H <Z>H — > H for a ribbon Hopf 
algebra H. In the present case H = Uh, the morphism Yjj h : Uh®Uh — > Uh is the continuous 
Q[[/i]]-linear map defined by 

Yujx®y) = ^ xt> (PkS((a k >y)(x))J(a k >y)( 2 ) 

fe>0 

for x,y G U h - 
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(a) (b) 
Figure 11: (a) The tangle f = vf 9 {T') (b) The bottom tangle Y® 9 {f) G BT g 

Lemma 3.2 (Habiro [4]). For each bottom tangle T G BT-2 g7 g > 0, we have 

Jy® 9 (T) = Y u![{Jt)- 

For each bottom tangle T G BT gi ^ |_ ffn , g\, . . . ,g n > 0, we have 

Proposition 13. 1 1 and Lemma 13.21 imply the following. 

Proposition 3.3 (Habiro [4]). For a boundary bottom tangle T G BT n and a bottom tangle 
T' G BT2 g satisfying \16\) . we have 

j T = ^,---, 9n ](Y Uh )®9(j TI ). 

3.3 Modification of Habiro's formula (topological level) 

In this section, we modify Proposition [3T] 

Let T G BT n be a boundary bottom tangle and T" a 2g-component bottom tangle satisfy- 
ing (fl6|) . We decompose the operation Y® 9 into the two operations vf 9 and Y® 9 as follows. 
Let T = vf 9 (T') be the 2g-component (non-bottom) tangle as depicted in Figure QT] (a). Set 
Y® 9 (f) = Y® 9 {T') G BT g , i.e., Y® 9 (f) is the bottom tangle as depicted in Figure HH (b), 
where Double(T') is defined in the same way as that for bottom tangles. 

We have 

= li 91 Bn \Y®°ovf 9 ){T>) 
= »t ^Y® 9 ( v f 9 {T')) 
= fj, [9l '-' 9n] Y® 9 (f). 

Thus, we can modify Proposition 13 . 1 1 by replacing (2) with (2') as follows. 

(2') There is a 2#-component tangle f = vf 9 {T') with T G BT 2g , g > 0, and integers 
fllj • • • j 9n > satisfying gi + ■ ■ ■ + g n =9, such that 

For a boundary bottom tangle T G BT ni we call (T; g,gi, . . . ,g n ) as in (2') a boundary data 
for T. 
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3.4 Modification of Habiro's formula (algebraic level) 

Let Y: Uh®Uh — >• Uh be the continuous Q[[/i]]-lincar map denned by 

Y(x®y)=Y,X(i)KS(y { 2))KS(x {2) )y {1) , (17) 

for x, y € Uh- 

We modify Proposition 13.31 as follows. 

Proposition 3.4. Let T G BT n be a boundary bottom tangle and (T; g, gi, . . . , g n ) a boundary 
data for T. We have 

J T = ^'-> 3 ^Y® B (J f ). 

Here, we can define the universal sl 2 invariant Jf £ u® 2 9 j ^ e t an gi e T in a similar way 
to that of bottom tangles (cf. 

Let v. Uh®Uh — > Uh®Uh be the continuous Q[[/i]]-linear map defined by 



v(x ® y) = 2J ® « fc y, 



for x,y £ Uh - We reduce Proposition 
Lemma 3.5. We /iawe 



k>0 

to the following lemma. 



Y, 



Y ov. 



(18) 



Proof of Proposition \S-4\ by assuming Lemma \3.5l Let T' G BT g the bottom tangle such that 
T = vf 9 (T'). We depict in Figure H2l the labels put on the new crossings c\,...,c g at the 



bottom of T associated a state s G S(f). Since (1 ® 5)(i? x ) - i?, we have 

J f = i/®»(Jt')- 
By Proposition 13.31 Lemma |3"31 and (fT9")l. we have 

= M [ffi.-.s»](y- oi; )®ff(j T/ ) 

= ^[»--»»]y®ff(i/®"(j r ,)) 



[</i 









. <^ > 





(19) 



□ 



Figure 12: The labels which are put on the crossings c\, . . . , c„ at the bottom of T 
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Proof of Lemma \3.5l For x, y £ Uh, we have 

(Y ov)(x® y) 

= ^2(xf3k)(i)KS((a k y) (2) )KS((x(3 k ) {2} )(a k y) {1) 

k>0 

= ^2 x (i)l 3 Ki)KS(y { 2 ) )S(a ki 2 ) )KS(l3^2 ) )S(x ( 2 ) )a K1) y il) 

k>0 

- ^(l) Ai A 2 ^ s (!/(2) IS'latiafe (ft 3 ft 4 )5(i( 2 ) ja^ a fcl 

fel ,&2 ,&3 )&4 ^0 

= x (i)l 3 k 1 l3 k2 KS(y^))S(a k2 )S(a k jKS(l3 k JS(l3 k3 )S(x^))a k3 a kl y^) 
= X x (1) i3 kl /3 k2 KS{y ( 2))S{a k2 )a k J</3 kA S(/3 k3 )S{x { 2))a k3 a kl y {1) 
= ^2 x {1) l3 kl l3 k2 KS{y (2 ))S{a k2 )r~ 1 S{j3 k3 )S{x ( 2))a k3 a kl y {1) 

k\ ,&2 ^ 

( = ^(l) /3fe 2 ^ # ifik B V(i)Pk 6 )S{a k2 )r _1 5 (/3 fc3 )5(x (2) )a fe3 a fcl a^y {2 )a kB 

ki ,&2 ,ks ,fee ^0 

]T x (1)j S fel /3 fc2 ^S(/3, 6 )S'( 2 / (1) )5(^-) ) 5(a fe2 )r- 1 S'(^3),S(x (2) )a ft 3 a kl a k5 y (2)a ks 

k\ ,/C2 ,&3 ,feg ,/C6 >0 
k\ ,&2 j&3 ,&5 ,^6 ^0 

H H^)Pk 1 Pk 2 S~ 1 {P ke )r~ 1 KS{y i i ) )S{P k ~ b )S{a k2 )S{p k3 )S{x { ^^^ 

fel ,/C2 ,&3 ,&5 ,fee ^0 
fel ,&2 ,fe3 ,fe4 jfe5 ,^6 ^0 

- x {1) l3 kl l3 k2 l3 ke p ki S 2 (a k ^S{y w )S{f3^)S{l3 k3 a k2 )S{x { 2))a k3 a kl a^y { 2)S{a k6 ) 

fci ,fc2 ,fe3 ,fe4,fe5 ,fefi >0 

fc,fc 3 ,fc 5 >0 

= l " ^2 x (i)^fe^ 2 ( a fc(4))^(y(i))^(/3feJ^(afc(i)/3fe 3 )^(s(2))afe(2)a/c 3 afe 5 y(2)^(afc(3)) 

fe,fe3 ,fe5 >0 

= ^(i)/ 3 fe^ 2 ("fe(4))^(y(i))^(^fe3/ 5 Ar 5 )^( a fe(i))^( x (2))"fe(2)afc 3 afe 5 y(2)<5 , (afc(3)) 

fc,fc 3 ,fcB>0 

= X] x ( i )^^ 2 ( afe ( 4 )) 5 ( y ( i )) ,5, ( Q; ' i - : ( i ))' s '( a: ( 2 )) afc ( 2 ) y ( 2 )' s '( Q;fc ( 3 )) 

A;>0 

= :r (i)/ 3 '= 5, ( Q; fc(i)y(i) 5, ( Q; fc(4)))' S '( ;E (2))afe(2)y(2)5'(afe(3)) 

k>0 

- X x ( i )^ fc5 (( afc ( i )^( afe ( 2 )))(i)) ,s '( :z: ( 2 )K a fe(i)y' s, ( a fc(2)))(2) = ^fa® y)- 

k>0 

Here, recall that r _1 = X)fc 4 >o a kiKj3 ki = X)fc 4 >o ^ fc i^ _lafe 4 * s t ne i nverse of the ribbon 
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element, which is central. 

The identity (i) follows from 

fc>0 fcl,fc2,?£3,fc4>0 

(ii) and (v) follow from (5 <g> S")i? = i?. 

(iii) and (viii) follow from R(J2 x (i) ® x (2)) = (J2 X (2) <%>Xn))R for a; G Uh- 

(iv) and (vi) follow from KxK^ 1 — S~ 2 (x) for x EUh- 
(vii) follows from 

^ Pk^kzPkePkt ®& kl ®a k2 ®a k(i ®a ki = y^/3fc ® a fe (i) ® a fe ( 2 ) ® Qffe(3) ®Q!fe(4)- 

fel,fe 2 ,fc4,fc6>0 fe>0 

(ix) follows from J2 ® S , (x( 2 )) = X] >S'( ;z; )(2) ® ^(^(l) f° r ^ £ ^fe- C 

3.5 Commutator maps 

In this section, we study the commutator map Y of Uh- 

Let Y: Uh®Uh — > Uh be the continuous -linear map defined by 

Y(x®y) = ^2x {1) S~ 1 {y { 2))S{x { 2))y( 1 ), 

for x 7 y G [7/j. Note that 

F(:r® 2 /) = ^(a:>5- 1 (y (2) ))y (1) (20) 
= ^2x (1) (s(x (2) )<y) (21) 
= 5> (1) (V 1 (j/)>S(.t (2) )). (22) 

By the following lemma, we can study Y by using Y, > and <. 
Lemma 3.6. For x, y G Uh, we have 

Y(x®y) = 2y(a:(i) ®2/(2))((z(2) > # 2 ) « y ( i)). 

Proof. We have 

r(s y) = X] z (1) #S(2/ (2) )#S(z (2) )y (1) 
= 51 a; (i) 5 '" 1 (y(2))^ 2 5(a;(2))2y(i) 
= 51 a ; (i)5 _1 (y( 2 ))5(x (2) )x (3) ii: 2 5(x ( 4 ) )2/ (1) 
= 5] a; (i)' S " 1 (y(4))'S(^(2))y(3)5'" 1 (2/(2))^(3)# 2 5'(a;(4))2/(i) 
= 5Z^( x (i) ® 2/(2)) (0&( 2 ) i># 2 ) <2/(i)), 
where the second identity follows from Kz = S~ 2 (z)K for z G L/^. □ 
The rest of this section is devoted to studying the map Y. 
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Lemma 3.7. For i,t/,z£ Uh, we have 

Y(xy ® z) = Y ( x (i) > ^(y ® Z(2)))y(x (2 ) ® Z(i)), 

y(a?®j/2) = ® z (2) )(y(x( 2 ) ®y)<iz (1) ). 

Proof. We have 

y(a;y ® z) = ^(a:y) (1) S' _1 (z (2) )S , ((^) (2) )z (1) 

= E a; (i)y(i)' S '~ 1 ( z (2))'S'(2/(2))'S , (a;(2))^(i) 

= E a; (i)y(i) S ' _1 ( z (4))5'(2/(2))z(3)-S' _1 (z(2))5 , (2;(2))2(i) 

= E a; (i)y(i)' S '~ 1 ( z (4))'S'(2/(2))z(3)5 , (a;(2))a;(3)S'" 1 (z(2))5'(a;(4))^(i) 

= ( X (l) > ® ^(2)))i > (^(2) <8 2(1))- 

Similarly, we have 

F(a;® j/z) = ^2x {1) S~ 1 ({yz) {2) )S(x {2) )(yz) {1) 

= Yx(i)S~\z {4) )S(x {2) )z {3) S~ 1 (z i2) )x i3) S~ 1 (y {2) )S(x i4) )y {1) z il) 

= E ^^(i) ® z (2)) (^(- T (2) ® 2/) < *(i)) • 

Lemma 3.8. For x,y £ U%, we have 

Y(x®y) = e(x)e(y). 

Proof. It is enough to prove 

Y(H m ® H n ) = 5 mfi S n ,o, 
for m, n > 0. By using the formula 

m 

i 

i=0 x 

for m > 0, we have 



A(H m )=Y J . ) H*®fT 



i=0 j=0 



Lemma 3.9. FKe Ziawe 

K(l/z, 9 ® f/ 9 ) C C7 g cv , 
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Proof. We prove ([25]). Then is similar. Note that 

(1 ® 5 ±1 )A(C/ 9 ) c (K l U™ ® K l U c ; 

i=0,l 

since we have 

(1 ® 5 ±1 )A(A^ ±1 ) = A* 1 ® A T \ 

n 

(1®S ,±1 )A(F(")) = ^(-l) n g-7"(" = Fl)^(n-j) i i r j g K~ j F {j \ 
3=0 

(1 ® 5 ±1 )A(e) = e ® 1 - A ® K~ l e. 



Then, ([20]) and Q2ZJI imply 

F(C/ z , g ® C7 3 ) C J] (u^ q >K*U c q v )l<*U c q v 

i=0,l 



By Proposition 12.21 we have 

53 (C/ Z , f; t> K l U^K l U™ C ^ (A*[7 9 cv ) • (A l C7 ? cv ) C C7 9 cv 

i=0,l 



This completes the proof. 

In what follows, we use the notations D ±x =Y,D'±® D%. 

Lemma 3.10. We have 

53 Y(U^ q ® U° q D' ± ) ® Y(U q ® U° q D'±) c (C7 g cv )® 2 , 
53 Y(U z , q ® U° q D' ± ) ® Y(U° q D>l ® C7 g ) c (tf° v )® 2 , 

53 y(tfj£± ® ® r(ff, ® c7°^) c (t/ ? c T 2 , 

53 y(E/Jl4 ® C/ Z)S ) ® y(£7°£^ ® C7 g ) c (C7 ? cv )® 2 . 
Proof. First, we prove (|32j) with D. Let us assume a weaker inclusion 

53 Y(u z , q ® £>') ® y(D" ® 0,) c (t7 9 c T 2 , 

which we prove later. We have 

53 Y(Uz, q ® C/°£>') ® y (ETjD" ® £/,) 

= 53 ^(^.9 ® ® ® Uq) 

C 53 y(C/ z , g ® U° q )(Y{U z , q ® D') < £7°) ® (tfj > y(£»" ® U q ))Y{U° q ® (7,) 

c 53 y([/ z , g ® t/°)(c/ g cv < c/J) ® (u° q > c/ g cv )y(^° ® t/,) 
c 53 y(c/ z , g ® u° q ) ■ u° v ® c/f • y(t/° ® 



cK v ) 



ev\®2 
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where the identity follows from ([5]), the first inclusion follows from Lemma 1X71 A(X) C X® 2 , 
for X = U q ,Uq, Uz, q , and the last inclusion follows from Lemma 1331 
Now, we prove (f3"5)) . By ([5]) and ([7]), we have 

(1 ® S ±x ® I ® 5 ±1 )(A <g> A)(£>) = ^ Di,_Di ® I>2-Di,- ® ^a'-^i ® D 2 D ",-> 

where D = E -D'i ® = E #2 ® #2 and £> _1 = E - ® D i - = E #2,- ® D 2,-- 
For a G Uz, q and b E U q homogeneous, we have 

Y,Y(a® D')®Y(D" ®b) 

= Y / ^i)D2D / 2 ^S(a {2) )D[^D[^D^D / ;S-\b {2} )D^Dl_b (1) 

= J2^ D 2D'2,-K-^S(a {2) )K^\ D [_ D [ (37) 

= a {1) K-^S(a {2) )K^ ® S^ 1 ^))^) 

= 5^(o > X-I b <^>l)xl^)l ® S , - 1 (6 (2 ))6(i), 

where by (|2"5)) - (|3"0)) , we can assume that S _1 (6(2))6(i) G Uq V , with 6(i), 6(2) G U q homogeneous. 
By Corollary 1231 we have a> K^ b ^ G if l 6 ( 2 >lf7J v . Hence we have 

which completes the proof of (|3"5j) . 

We can prove (f5T|) . (j3"2")) with -D -1 , (|3"3")l . and almost in the same way by using 

Y ( a ® D '±) ® ® #t) = 5Z( a > X ±|b<2)l )if T|b(2)l <8 6 (1)1 S*(6 (2 )), 
5^ y(a ® £>'_) <g> F(£^ ® 6) = Y J ( at>Klb(2)l ) K ~ lb(2)l ® S'- 1 (6 ( 2))&(i), 
2 F(.D± (8) a) ® F(6 ® D^) = ^ Jjr=Fl&«l(#±l&«l < a ) <8 6 (1) 5(6 (2) ), 
5^ F(£>± <g> a) <g> F(£>^ ® 6) = ^ If ±|b < 2 > (i^l&wl ^ a ) ^ 5-i(5 (2) )6 (1) , 
for a G C/z.q and b € U q homogeneous. □ 

3.6 Outline of the proof of Theorem 11.21 

We give an outline of the proof of Theorem 11.21 There are two steps. The first step is in 
Section El We prove the following proposition. 

Proposition 3.11. Let T G BT n be a boundary bottom tangle and (T;g,g\, . . . ,g n ) a bound- 
ary data for T . For each state s G S(T) we have 

The second step is in Section El We define a completion {U^)"® 71 of (C/ g cv ) 0n and prove 
Theorem II .21 i.e., 

Jt= ^'"' 9n] Y® 9 (Jf, s ) G {Uq V T® n . 

sGS(f) 

In the above two steps, we use "graphical calculus" because the proof is too complicated to 
be written down by using expressions. In order to do so, in Section^ we define two symmetric 
monoidal categories A, A4, and a functor T : A — > M.. 
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4 The categories A4,A and the functor J 7 : A — > M. 



In what follows, we use strict symmetric monoidal categories and strict symmetric monoidal 
functors. Since we use only strict ones, we omit the word "strict". For the definition of 
symmetric monoidal categories, see [10) . [13) . 

4.1 The category M 

We define the symmetric monoidal category M.. The objects in M are non-negative integers. 
For k,l > 0, the morphisms from k to I in M. are Z[g, (7 _1 ]-submodules of the Q[[/i]]-module 
Rom^f [h]] (U^ k ,U^ 1 ) of continuous Q[[/i]]-linear maps from U® k to Uf. 
We equip M. with a symmetric monoidal category structure as follows. 

• The identity of an object k in M. is defined by id^ = Z[g,g _1 ] id 

X Y 

The composition of morphisms k — > I — > m in M is defined by 
Y o X = Span z j 9j<3 -i]{y o x \ x G X, ye Y}. 

• The unit object is 0, and the tensor product of objects k and / in M. is define by k + I. 
The tensor product of morphisms F : k I and F' : k' — > I' in M. is defined by 

Z®Z' = Span Z [ M _i]{<p(z ® z') \ z G Z, z' G Z'}, 

where ^ is the natural Q[ [ft]] -linear map 

p : Homgf [fc]] (C/f , E/f ) 6) Hom^ (C/f ' , tff ) Hon$j h]] +fc ' , Uf l+l ' ) . 

• The symmetry c k ,i '■ k ® i — >• I ® fc of objects /c and 1 in .M is defined by 

c kd = Z[q, q~ x ]T &k a,, 

where t & k : f7® fe+i _> [/®'+ fc i s the continuous Q[ [ft]] -linear map defined by 

T rT ®k Tr &i(x®y) = y®x, 

for x G C/® fe and y £ C/,f . 
It is straightforward to check the axioms of a symmetric monoidal category. 

4.2 The category A and the functor J 7 : A — > M. 

Let A be the symmetric monoidal category with the unit object /, freely generated by an 
object A and morphisms 

{{i},!) GHonu(I,I), 

(77), <F W >, ([7°), <[7 g CT0 > G Ho m/ (/, A), 

(^^Homi/,^ 2 ), 

(e) G Honu(A,J), 

(A)eHom^(A,A® 2 ), 

(/i), (Y), (ad), (id) G Hom^(A 82 , A), 
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for i > 0. (Here (D ) is one morphism, not two morphisms (-D+ 1 ) and (D^ 1 ). ) We denote 
by cx,y '■ X (g) Y — » Y <E> X the symmetry of objects X, Y in A. 

We define the symmetric monoidal subcategories Ae , A^ , *4a , and *4 m ,a of ^4 as follows. 
On objects, we define Ob(^4s) = Ob(.4 M ) = Ob(^A) = Ob(^4 M ,A) = Ob(_4). On morphisms, 
A& is generated by no morphism as a symmetric monoidal category, i.e., for k, I > 0, k ^ I, 
we have Honiyi 6 (A® k , A® 1 ) = 0, and for I > 0, the monoid Hom^ e (A® 1 , A® 1 ) is isomorphic 
to the symmetric group (5(7) in a natural way. On morphisms, A^ is generated by (/x), .4a is 
generated by (A), and -4 m ,a is generated by (/x) and (A), as symmetric monoidal categories. 

Let T: A — > M. be the symmetric monoidal functor defined by J- (A) — 1 on the objects 
and 





= %[q,q~ 






= %[q,q~ 
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= %[q,q~ 
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= %[q,q~ 




H<T)) 


= %[q,q~ 
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= %[q,q 
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= ^[q,q~ 






= U°E {1 
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H(F®)) 
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H{u° q )) 


= U° 

^ q ! 




J-((L7- )) 


_ rrev 






= (u° q f 


2 73 + (l\T 2 L> 



for i > 0, on the morphisms. Here, for a Z[g, g x ]- submodule X C t^f", we identify X 
with a Z[g, g~ 1 ]-submodulc of HomQ^j (Q[[/i]] , U® n ) by identifying each x £ X with the map 

/* : Q[[h]\ -> J7,f n such that / x (a) = ax for a e Q[[/i]]. 

In what follows, we use diagrams of morphisms in A as follows. The generating morphisms 
in A are depicted as in Figure 1131 The composition y o x of morphisms m and y in .4 is 
represented as the diagram obtained by placing the diagram of x on the top of the diagram 
of y, see Figure [Ml (a). The tensor product z ® z' of morphisms z and z' in A is represented 
as the diagram obtained by placing the diagram of z' to the right of the diagram of z, see 
Figure [12(b). 

For a diagram of a morphism b: A® k — > A® 1 in A, we call the k edges at the top of the 
diagram the input edges of 6, and the / edges at the bottom of the diagram the output edges 
of b. 

For simplicity, a copy of a generating morphism / of A appearing in a diagram will be 
called 'an /' in the diagram. 

4.3 Some morphisms in A 

In this section, we define morphisms (/i)[9i.-.s»] ) (A)l rai '-' m 'l, (af <8> ^f), and (Y) in A. 
For gi, . . . , g n > 0, we define 

e Hom^(A® Sl+ - +9 ",A®") 
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ca,a 





<A>- 




(Y) 



(V) 



<ad): 



<ad) 



o 



<PS) 



Figure 13: The diagrams of the generator morphisms in A 







z 


z' 



(a) (b) 
Figure 14: (a) Composition (b) Tensor product 



in a similar way to (|15|) . and for mi, . . . ,mi > 0, we dchnc 

(A)'™ 1 '-'™ 1 ' G Hom^(A®',^ mi+ - +mi ) 

in a similar way to (|T3|) , sec Figure [15] Clearly we have 

J-(( M )^.-*]) =Z [g, g - 1 ] / i^'-^, 
J-((A)[ TOl '-' m 'l) =Z[q,q- 1 ]A^-' m ^. 

For i > 0, set 

(6,) = <{*},!} ® ® G Hom^(/,A® 2 ). 

We represent (0;) as in Figure [16] (a). We define 

(a?®??) EUom A (I,A® 2 ) 

as in Figure [TH] (b), i.e., 

(af =((/i) <8 (m» o (id^ Sc^ASidx) ° (CD* 1 ) ® (©*))■ 



<7» 







mi m 
Figure 15: <^)[»i>-.9„] an d (A)[ mi >-> TO 'l 



21 



<e<> = {*W 




(a) (b) 
Figure 16: (a) A diagram of (9*) (b) A diagram of (af ® Pf) 



(Y) 




Figure 17: A diagram of (Y) 



In [/® , we have 

F((af ® = (U° ® U a q )D(F^ ® e 4 ) + ([7° ® U° q )D- l {F® ® j), 

which implies 

ai ® ft, a~ ® /3r G J"((q^ ® pf)) (1). 

Since we have 

(S' «» S fc ) (j-((af ® Pf))(l)) = F((af ® 
for j, fc 6 Z, it follows that 

^'(Oi) ® S fc (ft), S j (a,1 ® S fc (/3r) 6 H( a t ® / ? l ± ))( 1 )- ( 4 °) 

We define 

(F) e Hom^(# 2 ,A 81 ) 

as in Figure [17J i.e., 

(F) =(/i) o ( id A ®(ad}) o ( id^ ®(ad) ® id^ ) 

o ((y) ®id j4 ®(£7 ? cv0 ) ®id.4) o (id®c A8 ,2 ;A ) o ((A) ® (A)). 

By Lemma 13.61 we have 

y =/z o (id^ ®ad) o (idc/ h ® ad® idj/J o (y ® id^ ®if 2 ® id^J o (id^ ®T [/ g 2 % ) o (A ® A). 
Hence we have 

YeT{(Y)). (41) 
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W- W+ W+ W+ W+ W- W- W+ 




Figure 18: A morphism in W 

5 Proof of Proposition 13.111 

The goal of this section is to prove Proposition 13.111 In Section 15.11 we define a subset T g C 
Honu(I,^4® ff ), and prove Y®9{J fs ) G T{T g ){\). Here, for a subset X C Honu(J, A® g ), we 
set 

In Section [EMU we prove T(T g ){\) C (J7| v )® ff . Thus we have 

which implies Proposition 13 . 1 11 

5.1 The set T g C Hom^(J,A® ff ) 

Let W be the symmetric monoidal category freely generated by two objects W+ and VF_ and 
three morphisms 

fiw ■ {W+) m -» W+, ad w : W-®W + ^rW+, ad w : W+ ® W- -> W+ , 

see Figure [18] for example. We define the symmetric monoidal functor J 7 ^ : W — > -4 by 
•? r w(W / +) = .Fyv(W_) = ^4 on objects, and 

Fw(Hw) = (A*)) ^w(ad w ) = (ad), JVv(ad>v) = (ad), 

on morphisms. 

For g > 0, let T g be the set of quadruples b = (bi, &2, &3, bi) G IIom(.4) x4 of composablc 
morphisms 

in .4 such that 

h = (d* 1 ) 8 ' 1 ® (e si ) ® • • • ® (e Si2 ) ® (t/0)®' 3 , 

62 G Hom^ A (A® 2 ' 1+2i2 +' 3 ,A®^+ 2Z5 ), 

63 = id| i4 ®(F)®' 5 ® (t/ g ev0 )^ 6 , 

for Zxj • • • j ^67 Sx, . . . , s; 2 > 0, satisfying Condition A below. 

23 




Condition A: On a diagram of 64 o 63 o b% o bi, from each output edge of (0 Sp ) for 
p = 1, . . . , I2, we can find a descending path to an input edge of a (Y). 

For example, see Figure HH where the dotted arrow denotes a path as in Condition A from 
the right output edge of (0 Sl )- 

Let A: T g — >• Hom^(/, A® 9 ) be the composition map defined by 

A(&i, 62, b 3 , — bi o 63 o 6 2 ° 61. 

Set 

r s =A(f ff ) cHom^(/,#«). 
We consider the following sequence of maps 

f 9 T 9 c Rom A (I,A® g ) -A Hom^(0, 5 ). 

Lemma 5.1. Let T £ -BTn fre a boundary bottom tangle and (T\g,g\, . . . ,g n ) a boundary 
data for T. For each state s £ S(f), we have Y® g (J fs ) £ J r (r g )(l). 

Proof. It is enough to construct an element B E T g such that Y® 9 (Jf s ) £ J 7 (B)(1). 

Recall from Section 12.51 the definition of Jf associated with a fixed diagram of T with 
the crossings C\,...,ci. We put the labels S'(af^ c ^) and S"(/^ c .s) on the crossing Cj for 
i = 1, . . . ,1, and put the labels K and A' -1 on the maximal and minimal points, respectively, 
on strands running from left to right. After that, we multiply the labels on each strand, and 
take the tensor product. Thus, there is k > and a permutation a £ <5(2Z + k) such that 

j T s e { ^...,N 2g] Q a) ( 5 '(aJ ci) ) s> S>(Pf {ci) ) ® • • • ® S"(aJ C!) ) S"(^ (ci) ) ® (U°r k ) , 

where, for each i = 1, . . . , 2g, Ni > is the number of labels put on ith strand of T. 
By (|38l) and flO]). we have s £ where 

« = (M)^--^ 1 o a o (( a J Ci) ® Pf {ci) ) ® • • • (» (aJ C() ® /?± C;) ) ® (C/°)^) . 



24 




Figure 20: o u = 64 o b 3 o b 2 ° h with (61, b 2 , 63, h) G f s 



Here wc identify cr € C5(2/ + fc) with the corresponding morphism in Hom^ 6 (j4® 2 '"*" fe , A® 2 * + *). 
By dm, we nave 

? 8s (J fjS )eJ((yr ou )(i). 

Set B = o it G Honu(I, A® 3 ). It is not difficult to check that B £ T g as in Figure 

I2TJ1 In particular, £> satisfies Condition A, since for each i = I,..., I, the output edges of 
(®s(ci)) g° down to the output edges of u, and there is a descending path from each output 
edge of u to an input edge of a (Y), see the dotted lines in Figure [20] for example. □ 

Proposition 13.111 follows from Lemma T5. II and the following lemma. 

Lemma 5.2. For g > 0, we have J"(r s )(l) C (U° v )® g . 

The outline of the proof of Lemma \5. 2 1 is as follows. We define two subsets r^T'' C T g 
such that V' cT' g cT g , and prove the following inclusions 

^(r s )(i) c ^(r;)(i) c F'(r' g )(i) c ^(r£)(i) c (u^, (42) 

where J-' is a modification of the functor J 7 , which is defined in Section 15.41 

5.2 The subset T' g C T g 

In this section, we define the subset T' g cT g . 

For g > 0, let T' g be the set of 7-tuples d, w, k, a, 63, 64) of morphisms in A, such that 
(61, a o (d ® w <8> k), 63, 64) G r g is well-defined, cr G Hom(.4e) and 

61 = (d* 1 )® 11 ® <©.!> ® • • • ® (e Si2 ) ® (c/ 9 T Z3 , 
(2 

rfeHom^(# 2il ,A*), w = (g) ((A) I m " ■""]), fc = (A)l ri '-' r, *] ) 

P =i 

for ii, . . . , Z4, si, . . . , S( 2 > 0, mi, . . . ,mi 2 ,ni, . . . ,ni 2 ,ri, . . . ,ri s > 1. See Figure [2T1 for an 
example of cr o (d (g> u> (g> /c) o b\ . 

Let k : r g — > T g be the map defined by 

K,(bi,d, w, k, a, 63, 64) = (fri, <r o (d <g) w ® fc), 63, 64). 
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Figure 22: Local moves for i = 1, . . . , 8 



Set 

T' g = K (t' g ) C f 9 , 

r; = \(f' g ) c r 9 . 



5.3 Proof of ^(Tg)^) C ^(^(l) 

In this section, we define a prcordcr ^ on r 9 . and prove the following two lemmas, which 

imply .F(r g )(i) c ^(r;)(i). 

Lemma 5.3. For B < B' in T g , we have J 7 (B)(1) C T(B')(l). 
Lemma 5.4. For each B G r g , there exists B' G T' g such that B ^ B' . 

The preorder < on T g is generated by the binary relations =>■ for i = 1, . . . , 8 on Hom(„4) 
defined by the local moves on diagrams as depicted in Figure [2"2l where in each relation, the 
outsides of the two rectangles are the same. Note that T g is closed under =4> for i = 1, . . . , 8, 
i.e., for B => B' in Hom(^4), if B G r g , then B' 6 T 9 . In particular, we can check that each 
=>■ preserves Condition A. 
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Figure 23: (a) How to color the edges (b) An example of the coloring 

j 




Figure 24: The coloring before and after we apply 



Proof of Lemma \5.3[ It is enough to prove that, for B B' in T g with i £ {1, . . . ,8}, we 
have T (B)(1) C F(B')(1). 

The cases i = 1,2,3,4 are clear. The cases i = 5,6 follow from Lemma [3.71 The cases 
i = 7, 8 follow from ©, A(C7°) C (U°)® 2 and U° C ^((U°) m ). □ 

The rest of this section is devoted to the proof of Lemma 15.41 We divide Lemma 15.41 to 
the following two claims. 

Claim 1. For b = (pi, b 2 , b 3 , b A ) £ T g , there exists b' = (b[, b' 2 , b' 3 , b' 4 ) £ T g with b' 2 £ Hom(ylA) 
such that X(b) ^ X(b'). 

Claim 2. For b' = (b'^b^, b' 3 , b' 4 ) £ f g with b' 2 £ Hom(i A ), there exists b" = (b'{, b'{, b'{, b'l) £ 
f' g such that X(b') r< X(b"). 

Roughly speaking, we prove Claim 1 by reducing the number of the (/x)'s of b 2 by using 
4> for i = 3, . . . , 6. For that purpose, we define "(^)-complexity" functions 

| \,m: Hom(i M ,A) ->• Z> 

as follows. Given an element b £ Hom(A^ y A), we color each edge of a diagram of b with an 
non-negative integer. First, we color each edge on the top with 0. Then, we color the edges 
below inductively as in Figure [23] (a). We define \b\ as the maximal integer on the edges on 
the bottom. We define m(b) as the number of the edges on the bottom colored with For 
example, for the colored morphism / £ Hom(^, a) in Figure [231 (b), we have |/| = 3, and 
m(f) = 2. 

We use the following lemma. 

Lemma 5.5. For every B £ Hom^^. a), there exists B^ £ Hom(A' /J ) and B\ £ Hom(AA) 
such that B -< B^ o B& and \B\ = \B^ o B&\. 

Proof. We can realize a path from B to B^ o B<\ with some B^ £ Hom(A" M ) and B& £ 
Hom(A"A) by using 4>, which preserves | | as in Figure |2~41 □ 



27 



N 


b- 2 




b 3 



a-2 



«3 



«4 







l&al 




b- 2 




h 


1 


b 4 



k \9 



a 3 



(a) (b) 
Figure 25: How to obtain a = (ai, ai, 03, 04) £ T g from 6, where k, I > 0, fc + Z + 1 = I62I 
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Figure 26: How to obtain a = (ai, 02, 03, 04) G T s from 6, where j,k,l > 0, k + / + 1 = (62! 



Proof of Claim 1. We use double induction on |6 2 and 777(62). If |6 2 | = 0) then we have 62 G 
Hoiti(.4a)- We assume |6 2 | > 0. It is enough to prove that there exists a = (ai, 02, 03, 04) G T s 
such that A(6) ^ A(a) satisfying either I&2I > |ci2 1 , or I&2I = 1 0-2 1 and 771(62) > 771(02). 

By Lcmma l5.5l we can assume 62 = 62^062, a with 62, M G Horn (.4^) and &2,a G Hom(^A)- 
Since |6 2 ,^| = I&2I > 0, there is a (fi) at the bottom of 6 2 whose output edge is colored by |&2|. 
We define a = (ai, 02, 03, 04) G T g as follows. 

(1) If the output edge of the (fi) is connected to the left input edge of an (ad) (resp. the 
right input edge of an (ad)), then let a be the element obtained from b by applying =4- 
to the (ad) (resp. 4- to the (ad)) in X(b) as in Figure [25] (a) (resp. (b)). 

(2) If the output edge of the (/a) is connected to the left (resp. right) input edge of a (Y), 

then let a be the clement obtained from b by applying =!• (resp. =4>) on the (Y) in A(6) 
as in Figure [25] (a) (resp. (b)). 

If 777(62) = 1; then we have I62I > 02). If 771(62) > lj then we have I62I = [02 1 and 777(62) > 
777(02). This completes the proof. □ 

Proof of Claim 2. We transform b' 2 o b[ into b' 2 ' o b'{ such that 6" = (b'{, 6 2 ', 6 3 , b' A ) G f ^ by the 
two steps as in Figure |2"T1 That is, 

(i) we can transform b' 2 into 00 (A)!™ 1 ' - '™'] for some a G Hom(^lg), I > 0, mi, . . . , m; > 1 
by using 4, and 

(ii) we can transform ((A)[ m l ® (A)W) o (D ±1 ), 777,77 > 1, into a o (£)±i)'»'»« j for some 
a 6 Hom^4 fi (277777, 777 + n), by using =4-, =>, and as depicted in Figure [2"51 

Hence we have the assertion. □ 
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Figure 27: How to transform b' 2 ° 6^ to ° &i 




Figure 28: How to transform ((A) l m J ® (A) m)o(D ±1 ) intoao(D 



l±l\®mn 



where p £ Hom(.Ae) 



5.4 The functor J 7 ' and proof of J 7 ^) (1) C J"'(r^) (1) 

In this section, we define the symmetric monoidal functor T' : A — > M. and prove LF(Y' g )(\) C 

^'(r;)(i). 

For n > 0, we equip Uf n with the topological Z"-graded algebra structure such that 



deg(xi 



•x n ) = (\xi\,--.,\x n \), 



for homogeneous elements xi, . . . , x„ £ Uh with respect to the topological Z-grading of Uh 
defined in Section |2~21 

For k,l > 0, we call a map /: U® k —> U® 1 homogeneous if it sends each homogeneous 
element to a homogeneous element. We call an object in Ai homogeneous if it is generated by 
homogeneous maps as a Z[q, <7 _1 ]-submodule of Hoboq^ii (U® , U® 1 ). Note that the image by 
the functor T of each generator morphism in A in Section B~2l except for (A), is homogeneous. 

We define J- 1 in the same way as T except that we set J 7 ' ((A)) = ^2j G z Z[g, g -1 ] Aj instead 
of J 7 ((A)) = Z[g,q _1 ]A. Here, for j £ Z, Aj : U h -> U h ®U h is the continuous Q[[/i]]-linear 
map defined by 

A jO) =J2 X W ®Pi( x (2))> 
for x £ Uh, where pj : Uh — ► Uh is the projection map defined by 



Pj(y) 



V if|y|=i, 

otherwise, 
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Figure 29: (a) How to color the edges (b) An example of the coloring 

for y £ Uh homogeneous. Since J-~'((A}) is homogeneous, T' sends each generator morphism 
in A to a homogeneous module. Moreover, since the compositions and the tensor products of 
homogeneous objects in M. are also homogeneous, the image by T' of each morphism in A is 
homogeneous. 

We prove T{V'^){\) C J-'(T')(1). For x <E Uh a Unite linear combination of homogeneous 
elements, it is easy to check that 

A(x)=J2^(x), (43) 
T((A))(x) = (Z[q,q- l ]A)(x) C ( £ Z[q, q' 1 } A,) (x) = F'({A))(x). (44) 

(In fact, (|43[) is true for all x S Uh- However, (|4"4")l is not, since '^2j ( - E Z[q,q~ 1 ]Aj consists of 
finite linear combinations of Aj for j e Z.) 

Note that each (A) in a diagram of B e T' g is contained in a (A) M (£( m ) ) , in a (A) ["1 (F^ m ) ) , 
or in a (A)[™1({7°) for m,n > 0. By (|44|) . we can prove that 

J-((A)["](i?(" l )))(l) c J"((A)W(£!M))(i) ) 
J-((A)W (# (m) ))(l) C -F'((A)[ n l(F(™)))(i), 

for m, n > 0, by using induction on n. For y £ U®, we have 

•F«A))(j,) = (Z^g-^Ao)^) =^«A))(y). 

Thus, we have J r (B)(l) c J 7 ' (B)(1), which completes the proof. 

5.5 The Subset r£ C V' g 

In this section, we define the subset T'g C T' g . 

In what follows, we color each edge of a diagram of B 6 T' g with d,w,k or as follows. 
First, we color the output edges of (D^Ys, (0j)'s, and (U^)'s with d,w, and k, respectively. 
Then, we color the edges below as in Figure |2"91 (a). See Figure |2"91 (b) for an example of 
G G r' 2 with the coloring. 

For g > 0, let T'g C be the subset consisting of b = (pi, d, w, k, a, b^, 64) such that 

(Cdk) d and k are the identity morphisms in A, 
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Figure 30: An example of 63 o a o (d w ® A:) o b\ for (bi,d, w, k, er, 63, ^4) G f " 

(Cad) m (A o n)(b), there is no (ad) (resp. (ad)) with the d-colored left (resp. right) input 
edge, i.e., the first I input edges of 63 = idf <g)(r)® m ® (U° v0 )® n are not colored by d, 

(Cy) there is no (Y) with the left and right input edges both colored by d. 

See Figure [30] for an example of 63 o a o (d ® w ® k) o b\. 
Set 

5.6 Proof of F'(r' g )(i) c^(r;')(i) 

Similarly to Section [5. 3[ we define a preorder ^' on T' gl and prove the following two lemmas, 
which imply F(T' g )(l) C F(T'^)(1). 

Lemma 5.6. For B <' B' in T' CJ , we have J 7 ' (B)(1) C T'(B')(1). 

Lemma 5.7. For each element B G Y' g , there exists B 1 G T' g7 such that B <' B' . 

The preorder ^' on is generated by binary relations ^> for i = 9, . . . , 13 on T' g . In the 
present case, we divide the definitions of the binary relations into three. Correspondingly, the 
proof of Lemma [5751 is divided into that of Lemmas 15.91 15.111 and 15.131 

For B eT' g , let Ndk(B) > be the number of the (/i)'s colored by d and the (A)'s colored 
by k, N a a(B) > the number of the (ad)'s with d-colored left input edges and the (ad)'s with 
(i-colored right input edges, and Ny(B) > the number of the (F)'s with the left and right 
input edges both d-colored. For example, for G G T' 2 as in Figure[29](b), we have Ndk(G) = 3, 
N ad (G) = 1, and N Y (G) = 1. 

Note that for B eT' g ,wc have B G T'g" if and only if N dk (B) = N ad (B) = N Y (B) = 0. By 
using inductions on N^B), Ny(B) and Ndk(B), Lemma [5~7l follows from Lemmas 15. 81 15.101 
and EH 

9 

5.6.1 Binary relation => 

Let for i = 1, . . . , 8 be the local moves on diagrams of morphisms in A as depicted in Figure 
[3T1 where in each relation, the outsides of the two rectangles are the same. For B, B" G T' g , 

we write B => B' ii there exists B" G Hom(i) such that either B B" or B ~+ B" , and 

there exists a sequence from B" to B' in Hom(.4) of moves for i = 3, . . . , 8. 
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Figure 32: Binary relation 
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Figure 31: Local moves for i = 1, . . . , 8 
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Lemma 5.8. For BeT^ witfj iV ad (B) > 0, i/iere eziste B' G 1^ sucft f/iaf N a d(B) > N ad (B') 
and B 4 £?'. 

Proof. We can transform B into B' G as in Lemma [5781 as follows. Since N ad (B) > 0, there 

1 2 

exists B" obtained from B by applying ~-> or There is an (e) in B , and we continue the 
transformation as follows. 

(1) If the (e) is connected to the left (resp. right) output edge of a (Z? ±:L ), then we apply 
A (resp. w). If the new {U®) is connected to the left (resp. right) input edge of a (/i), 

5 6 

then we apply ~-+ (resp. •**), otherwise we put its edge into the fc-part. 

(2) If the (e) is connected to an output edge of a (//), then we apply — Then, for each new 
(e), we continue the transformation starting from (1). If there appears ((e)® (e))o(D ±1 ), 
then we apply ~~> or and then we apply 

For example, see Figure[32l where a dotted circle with a number i attached is a place to where 

we apply It is easy to check that the procedure terminates, and the result B' is contained 
in T^. One can check that N ad (B') = N ad (B) - 1. □ 

Lemma 5.9. For B 4 B' in T' g , we have T' (B)(1) C T'(B')(1). 

Proof. It is enough to prove that, for C ~* C with j G {1, . . . , 8} in the sequence of the local 
moves from B to B', we have T' (C)(1) C 7 r '(C")(l). 
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Consider the case j = 1. The case j = 2 is similar. Recall from Section I5T41 that the image 
by J 7 ' of each morphism in A is homogeneous. This implies that, for each b £ Hom^(7, A®'), 
i > 0, the Z[<7, q _1 ]-submodule J 7 '(&)(1) of C/® ; is generated by homogeneous elements of U® 1 . 
Thus, the case j = 1 follows from 

5] ad(t7°£>i, ± ■ • • D' n ^{D' ± D'i) m ®x)® U Q q D'{ <± ® • ■ • ® tfju" ± 

Cz (8) (t7°)®" 

C 5> ® idaJO^i • • • D' n ^D' ± D'i) m ®x)® U°D'l ± ® ■ • • ® t/°^ ± , 

for m, n > and a; e L//j homogeneous, where we set D ™ 2 -^i ± ® ^i'i for 1 < i < n. 
Here, we use from [2lJ Lemma 5.2] the identities 

ad(D± ®x)®D±=x® K ±lxl , 
^ad{D'±D'i®x) =q lxl \, 

for x £ Uh homogeneous. 

The cases j = 3, 4 follow from 

(a ® id^J o ((Dj)® 2 ^ 1 ) = E7° = (id^ ® e ) o ((E^)* 2 !)* 1 ) . 

The other cases j = 5, 6, 7, 8 are clear. Hence we have the assertion. □ 

5.6.2 Binary relation 

Let for i = 9, . . . , 16 be the local moves as depicted in Figure 1531 where in each relation, 

12 

the outsides of the two rectangles are the same. Here, the bottom lines in is the bottom 
lines of the morphisms. For B,B' £ T' g , we write B =4> B' if there exist B" <G Hom(.4) 

9 i 

such that B ~» £?" and there is a sequence from B to B in Hom(_4) of moves ~* for 
i = 3,..., 8, 10,..., 16. 

Lemma 5.10. For B e T' g with N Y {B) > and N ad (B) = 0, there exists B' E T' g such that 
N Y {B) > Ny(B'), N ad (B') = 0, and B =1 B' . 
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Proof. We can transform B into B' £ T' g as in Lemma [5.101 as follows. Since Ny(B) > 0, 

there exists B" obtained from B by applying For the two (e) in B" , we apply the local 

moves for i = 3, . . . , 8 as in the proof of Lemma 15.81 For the (77) in B" , we continue the 
transformation as follows. 

(1) If the (77) is connected to the left (resp. right) input edge of a then we apply -iS 
(resp. 

(2) If the (77) is connected to the bottom of the diagram, then we replace the (77) with (U g v0 ) 
by using ~~». 

(3) If the (77) is connected to the right (resp. left) input edge of an (ad) (resp. (ad)), then 
we apply ~5 (resp. ~*+). Then, there appears an (77) and an (e). For the (77), we continue 
the transformation starting from (1). If the (e) is colored by d, then we apply ~~> for 
i = 3, . . . , 8 as in the proof of Lemma l5~8l Let us assume that the (e) is colored by w 
or k. By Condition A in the definition of r g , the (e) cannot be connected directly to 
any output edge of the (0j)'s. Hence the (e) is connected to either an output edge of a 
(A) or the output edge of a (Ug). If the (e) is connected to the left (resp. right) output 

edge a (A), then we apply (resp. ~-»). If the (e) is connected to a (17°), we apply 

For example, see Figure[MJ It is easy to check that the procedure terminates, and the result B' 
is contained in 1^. One can check that N Y {B') = N Y (B) - 1 and N ad (B') = N &d (B) =0. □ 



Lemma 5.11. For B ^ B' in T' g , we have P (B)(1) C F'{B')(l). 

Proof. It is enough to prove that, for C C' with j £ {9, . . . , 16} in the sequence of the local 
moves from B to B' , we have T'{C){1) C J"' (C)(1). 
The case j = 9 follows from Lemma [ 



F^UO^im) i{k = m -l, 
otherwise, 
' p(l)ijOF(m) if = 0, 
otherwise, 



The case j = 15, 16 follows from 

((e^id^JoAfc)^^™)) 
((id^® £ )oA fc )(F«l7°£M) 



respectively, for k,l,m> 0. 

The other cases j = 10, . . . , 14 are clear. Hence we have the assertion. □ 
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5.6.3 Binary relation =l> for i = 11, 12, 13 

Let for i = 11, 12, 13 be the binary relations on T' g defined by the local moves on diagrams 
as in Figure I35[ where in each relation, the outsides of the two rectangles are the same. It is 
easy to check that T' g is closed under =4> for i = 11, 12, 13. 

Lemma 5.12. For B e T' g with N dk (B) > 0,N ad (B) = N Y (B) = 0, there exists B' 6 T' g 
such that N dk (B) > N dk (B'), iV ad (B') = Ny(B') = 0, and B 4> B' with i e {11, 12, 13}. 

Proof. Since N dk (B) > and Ny(B) = 0, there is a part in _B as in the left hand side of 
^> with i E {11, 12, 13}. We can obtain B' as in Lemma \5 . 1 2 1 from £? as follows. If there is 
a (A) o (Ug), then we obtain £?' from B by applying =£. If there is no (A) o (U g ), then we 

11 12 13 

obtain B' from B by applying or and then applying =>• if necessary. □ 

Lemma 5.13. For B 4 B' in 1^ wii/i i £ {11,12, 13}, we have J 7 ' (B)(1) C J"'(B')(1). 

Proof. Consider the case i ~ 11. The case i = 12 is similar. We can prove the assertion by 
two steps as in FigureESl i.e., we have F' (C)(1) C F'(C')(1) for C 4- C in T' g by d23j) and 
(|44|). and we have 

£ ad (([/"Z^i ' • ' KAD' ± D'ir) {1) ® x) 

® (C7X ± • • • £>;, ± (^^) ro ) (2 ) ® ^ £>i',± »•••«> ^X,± 
Cx® U°D' li± ■ ■ -D' ni± (D' ± Di) m ® [7°Bi' i± ® • • ■ ® [7°^ !± , 

for m, n > 0. 

The case =4 follows from A(Z7°) C (U g )® 2 . Hence we have the assertion. □ 
5.7 Modification of the elements in Y" 

In the next section, we prove F'[Y g ) (1) C (Uq V )® 9 , which completes the proof of the sequence 
(pi2"|) . Before that, we modify the elements in T'g. 
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First of all, we define notations. For m > 0,n > 1, set 

l(m,n) = {(ii,...,i„) \ ii,...,i n > 0,ii H h i n = m}. 

For i = (ii, . . . ,i n ) G T(m,n), set 

& = (6\T"(F (Jl) ® • • • ® c (C/ z , 9 )®", 

F' = (L\ )®"(F (n) <g> • • • ® fC*»)) c (tf z ,,)® n , 
(F 1 ) = (F^ 1 )) <g> • • • (8) e Honu(I, A®"), 

(F 1 ) = <F^) ® • • • ® (F^"'} 6 Honu(J, A®"). 

Clearly, we have 

S'=^(^ l »(l) > F 1 =^«F 1 ))(1). 
We use the following lemma. 
Lemma 5.14. For m > 0, n > 1, we have 

F'((A)N (#-)))(!) c J2 ^((^K 1 ). 

i£X(m,n) 

F'((A)No(#M})(l)c £ ^((^K 1 )- 

i£Z(m,n) 

Proof. The assertion follows from © and (fTU]l . by using induction on n > 1. □ 

Let B = 64 o i) 3 o 6 2 o fei with 6 = (61,02,63,04) € f^. By the condition (C<zfc) in the 
definition of Tg, we can write 62 ° 61 = a o 6j with a G Hom(^le) and 

61 = (D* 1 )® 1 * ® ((g) ((A) l" 1 -"-]) o (6 Sp )J ® (L/°)®' 3 , (45) 
P =i 

for ?Xj '2, ^3 > 0, si, . . . , s; 2 > 0, mi, . . . , mi 2 , n%, . . . ,ni 2 > 1. Note that 

((g) ((A) ["-"-!) o (9 Sp >) = (g (({s P } 9 !) ® ((A)WoF^)) <g> ((A)!"-] oF^))J. 

p— 1 p— 1 

Let us start the modification of 5. For i p G Z(s P , m p ) and i p € p = 1, . . . , Z2, set 

6i(ii,ii, . . . ,i i2 ,i i2 ) = (D* 1 )® 1 * ® ^(g) (<K} 9 !) ® (F ip ) ® (F>))^ ® (L/°)®' 3 - (46) 

In other words, 61 (ii, ii, . . . , i; 2 , ij 2 ) is obtained from 61 by replacing the (A)[ mp l o i?( s p) with 
a (F ; p), and the (A) I""] o EM with a (F t p } , for p = 1, . ._. , Z 2 , see Figure EH 

Thus, we obtain the modification 64 o 63 o 62 o 61 (ii, ii, . . . , i; 2 , i; 2 ) of B with respect to 
6 G Tg and i p G F(s p , m p ), i p G I(s p , n p ), for p = 1, . . . , l 2 . 

By Lemma 15.141 we have 

F (B)(1) c F'(6 4 o6 3 oao6 1 (i 1 ,i 1 ,...,i i2 ,i i2 ))(l). 

i p el(s p ,m p ) (47) 

p=i,...,j 2 
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Si 



for 





n 











foi(ii,ii,---,i/ 2 ,i/ 2 ) 



Figure 37: How to modify 61 with respect to i p 
(*(p,i,i)) ■ • ■ ,i( P ,i,n p )) G I{s p ,n p ) for p = 1, . . . , Z 2 



p(Hp,0,m p )) 



(ft 0,1) 



(p,0,m p ) 
(a) 



p(i(p,l,n p )) 



(P. 1,1) 



(P,l,"p) 



E^o, 1 1)) 



p(Hv,l,n p )) 



(*(p,0,l)) • ■ • 1 *(p,0,m p )) £ I(s p , m p ), ip 



1, 



I ^1 I fe I fe 3 

(b) 



Figure 38: How to color the output edges of &i(ii, ii, . . . , i/ 2 , ij 2 ) 



5.8 Proof of J"'(r^)(l) C (f/ 9 c 

We prove the inclusion F(Tg) (1) C (1> V )® 9 . Let B = b i ob 3 ob 2 ob 1 with 62, 63, M £ r£ 
such that b 2 ob\ = a ob\ with er G Hom(^lg) and fox as in ([35]), By (|4"7|) . it is enough to prove 



J" (6. 



o6 3 oCTo6 1 (i 1 ,i 1 ,...,i i2 ,i /2 ))(l) c (E/J 



(48) 



for i p g l(s pi m p ), i p G I(s p ,n p ), p = l,...,l 2 . 

We prove (|48|) . First, we study J"'(fo3 oao fox(ix, ii, . . . , ij 2 , i; 2 )) (1). Fix 

ip = (i(p,o,i)) ■ ■ • i i(p,o,-m„)) S l{s p ,m p ), ip = (i(p,x,i), . . . ,«(p,i,„ p )) e l(s p ,n p ), 

for p = 1 , . . . , Z2 ■ On a diagram of foi(ii, ii, . . . , i; 2 , i; 2 ), we color the output edge of the 
(p(H P ,o,t))) ( reS p. with a label (p,0,i) (resp. (p,l,u)) for t = l,...,m p (resp. 

m = 1, . . . , rip), p = l,,..,l2, see Figure [35] (a) . We also color the output edges of the {Ug)'s 
in fox (ii, ix, . . . , ij, ij) with symbols k\ , . . . , ki 3 from the left to right, see Figure [38] (b) . Let V 
be the set of the all labels, i.e., set 

V={(p,0,t) I l<*<m pj l<p<Z 2 }U{(p,l J u) I 1 < u < n p ,l <p < h} 

u{ki,.. .,h 3 }. 

In what follows, since J"'((E/°))(1) = T'((E^})(1) = U°, we identify (U°) with {E (0) ), and 
set ik = for j = 1, . . . , Z3, see figure I3T)1 We call the diagram of (X^) for i > with 
X e {E, F} an X-box. 

After we color the edges, we arrange the diagram of 63 o a o 61 (ix, ii, ■ ■ ■ , i; 2 , i/ 2 ) keeping 63 
so that each X-box is connected to 63 directly without any crossings as in Figure [301 where 
we set fo 3 = idf* ®(Y }®' 5 ® (U° v0 )® 16 , and the floating boxes is the diagrams of ({sp} g !) for 
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£(0) 



kj | fcj | fcj 



□ - - □ □ □ 



Figure 39: How to treat the jth for j = 1, . . . , Z3 

I o-o6i(ii,ii,...,i/ 2 ,i/ 2 ) 




• • • 1 



U h ^6 

Figure 40: How to arrange the diagram of 63 o a o b\ (ii, ii, . . . , i;, i;) 

p = 1, . . . , ?2- Here, by the condition (C a d) in the definition of T'g, the first I4 input edges of 
63 are connected to X-boxes, and by the condition (CV), at least one of the input edges of 
each (Y) in 63 is connected to an X-box. Note that there are five cases as depicted in Figure 
HH (cl)-(c5), how a (Y) is connected to the X-boxes and the (D )'s. 
Thus, we have 



63 o u o hihJu ... , i, 2 ,i, 2 ) = (g)(K} ? !) gl (X[ iaa)) ) 

P =i 



(jf M ' 4)) )®^®(CT 6 ; 



(49) 



for o(l),...,o(I 4 ) € V, X u ...,X h G {E^}, and Z G (Y)® h o Honu(7, A® 21 *). 

For j = 1, . . . , £4, we call the label a(j) isolated. We say the labels a and 6 as in Figure I4T1 
(cl)-(c5) are adjacent to each other. 

Note that the identity (|49|) implies 



^'(6 3 oao6 1 (i 1 ,i 1 ,...,i i2 ,i i2 ))(l) c (n{.s P } 9 !) • fe 4 ® F'{Z){l)®{U t 



P =i 



rcv0\lg)i6 



(50) 



Let us consider z\ 



zis G F'(Z)(l). If the mth (Y) (from the left in 63) is as in 



n. 



(X2) 



(cl) 



rv 



1 

(c2) 



,---0 



(c3) 



(AT) 



1 1 

(c4) 



(AT) 



(Xt) 



9^ V' 



(c5) 



Figure 41: The (Y)'s in 63, where Zi,X 2 G {-E, F} 
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(cl), then we can assume z rn e Y(U q X[ ta ' ® U^X^)- By Proposition ^. 9[ we have 

Y(U° q X^ ® C/°x|^) C ({min( la , Jb )} g !)~ 1 • [7° v , (51) 

where ({min(i, • U q v C E/| v <8>z[g j( j-i] Q(?)- For example, we have 

Y(U%EW ® ^(3)) = ( {2 } g !)- 1 F(^° e 2 ® tf°#( 3 )) 
C ({2} 9 !)- 1 C7-. 

If the mth and nth (Y)'s are as in (c2), then we can assume 

^84€£ F(C7 g °xf » } ® E/Juy ® YitqxW ® tf°Z>£). 

By Lemma 13.101 we have 

£ l>(C/ g xW ® C^i4) ® Y(U° q X^ ® [7°#0 C ({min( lQ , z^},!)" 1 • (f/-)® 2 . (52) 

Similarly, for (c3), (c4), (c5), we have 

]T r(C7 ? °xf^ ® E/^) ® F(t/°^ ® C ({min(z a , z,)},!)- 1 • (t/^)® 2 , (53) 

£ t/0# o) ) ® Y(U° q X^ ® f/o^) C ({min(z Q , z^},!)" 1 • (^ ov )® 2 , (54) 

£ ® E/J#°) y(tf,°£>£ E/JX^) C ({min(i , z,)},!)- 1 • (U^ 2 , (55) 

respectively. 

Let V\ denote the set of unordered pairs {a, 6} of mutually adjacent elements a,b G V. 
By the above inclusions (|5T)) - (l34l . we have 

5>i®-"®*» B e( J] ({min(ia,i6)} 9 0" 1 )-(^)®' 8 - 

{a.6}eP| 

Thus, by (f5"U|). we have 

F(h o a o foaCiiJi, . . . , iz,iz))(l) C / • (Vf^ ® (E/f)®' 5 ® (fj^o )9 i e 

c J - (c/|^ 4 ® (C7 g GV )®' 5+i6 ), 

where we set 



(56) 



p=i {a,b}e-Pl 

Let us study J"'(6 4 ) (t/f 1 ^ 4 (U* v )® l 5+ l A. Since the first Z 4 input edges of & 4 are connected 

to the left (resp. right) input edges of the (ad)'s (resp. (ad)'s), and the next 1$ + Iq input 
edges of 64 go down to the edges of the (u)'s and to the right (resp. left) input edges of the 
(ad)'s (resp. (ad)'s), by Proposition ^. 2\ (resp. Corollary 12. 3[) we have 

T'{h) (U®^ ® (U^)^ +l A c (C7 9 GV )® 9 . (57) 
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By jni]) and (|57|l. we have 

T'(b 4 ohoaohiiuh,..., i h ,k 2 ))(l) C / • (Of) 9 '. 

Thus, for the proof of (|4"5|) . it is enough to prove 

IeZfaq- 1 }. (58) 

For k > 1, let $fc((3') be the fcth cyclotomic polynomial in For f(q) £ Z[g, <z _1 ], /(<?) 7^ 0, 
let dk(f(q)) be the largest integer i such that f(q) G $^,(g)Z[g, q" 1 ]. Since both rip 2 =i{ s p}<?! 
and Yi{a b}ev 2 { mm (*a, *f>)} g ! are products of the cyclotomic polynomials, in order to prove 
(|55|) , it is enough to prove 

h 

dk(l[{s P } q l)>d k ( [] {minfe, lb )} 9 !), (59) 

for fc > 1. 

We prove (f5"9")) . Fix fe > 1. Note that for i e Z, we have 



1 if fc|i, 
otherwise. 



&({*},) -4(<z 4 -l) 

This identity and s p = Ya=i Hvfi,t) = E"=i *(p,i,-u) im Pby 

in,, 

rip 
u=l 

Thus, we have 

dk(f[{s P } q \) >J2 (XX{W)W) +J2 d k({Hps,u)} q <-)) /2 

p— 1 p— 1 i= 1 u= 1 

= SI *({»„},!) /2 

= ( E *({i a },!{i 5 },!)+ S *({ic},!))/ 2 

> S d fc ({ia} g "{H}«0/ 2 
{a,b}eP% 



= d k { n R},!{* 6 } 9 !)/2 

{a,6}£Pi 
{a,6}GPl 

Here P- lso C T 5 denotes the subset consisting of isolated labels. Hence we have (|5"9")) . which 
completes the proof of J"'(r^')(l) C {U° v )® g . 
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6 Completions 



In this section, we define the completion ([/° v )"®™ of (U° v )® n , and prove Theorem II .21 
6.1 Filtrations of UT* with respect to ad and ad 

For a subset X C Ug V , let (X) ideal denote the two-sided ideal of U q v generated by X. Set 

A p = {Uz,q > e P )idcal, 

Cp = (U Z , q E^ > ?7 9 CV )}idcal, C' p = (Y,(Uz, q F {P ' ] > C/ 9 CV ))ideal, 

P'>P p f >p 

C p = (^2 K{Uz, q EW > i«/ ? cv ))idcai, C£ = K(U z , q F&> > KU c q v )) idcah 
p'>p p'>p 

for p > 0. For X = A,C, C, C, C , the -Xp,j> > form a decreasing filtration of U q v , i.e., we 
have X p D X p+ i for p > 0. 

Lemma 6.1 ([21] Proposition 5.5]). (i) For p > 0, we have C p = C' p . 

(ii) For p > 0, we have C^ v C A p . 

(iii) If p > is even, then we have Ci p = A p . 
Lemma 6.2. (i) For p > 0, we have C p = C p . 

(ii) For p > 0, we have Cip C A p . 

(iii) If p > is odd, i/iew we have Cip = A p . 

Proof. The proof is almost the same as that of Lemma 16.11 □ 
For p > 0, set 

Gp = Cp + C p — Cp + Cp. 
Corollary 6.3. For p > 0, we have G^ v = A p . 



Proof. For p > 0, by Lemma 16711 (ii) and 16.21 (ii). we have Gi v = C-2 P + C2 P C A p . 
If P > is even, then by Lemma T6. II (iii). we have Gip D C*2 P = ^4 p . 
If p > is odd, then by Lemma l6~2l (iii), we have Gip 3 C<i p = A p . 

Thus, we have the assertion. □ 

Corollary 6.4. The filtrations {A p } p >o, {C p } p >o, {C p } p >o, {G p } p >o are all cofinal with each 
other. 

6.2 Filtrations of and (1> V )® 2 with respect to Y 

For p > 0, let y p be the two-sided ideal in U q v generated by the elements in 

Y(U°Mp"> ® U q ), Y,Y{U q ®U° q E^), Y(U°F {p ' } ® C7 9 ), ^ F(f7 9 ® ^F^). 
p'>p p'^lp p'^ip p'^ip 

Lemma 6.5. For p > 0, we Ziave 3^ C G p . 
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Proof. It is enough to prove that all the generators of y p are contained in G p . 
By O, and (E7J), we have 

Y(U°E^ ®U g )c (U°E^ > K l U c q v ^K l U c q v cC p + C p C G p , 

i=0,l 

Y(U q ® CTj^f')) = ^ K i U^(s- 1 (U°E^' ) )>K i U^A 

c E K*UT(v%eW > 2Tt7f) cC p + C p c Gp, 

i=0,l 

for p' > p. Similarly, we have 

y(u°f^ ® ig cc;+c;c g p , 
y(i/, ® cc; + c;c g p , 

for p' > p. Hence we have the assertion. □ 
Let (y D ) P be the two-sided ideal in (U q v )® 2 generated by the elements in 

E Y(U°E^ ® U°D' ± ) ® Y(U q ® E/Jl>£), ^ Y(U%FW ® CTjD^) ® y(C7, ® £7 g °D£), 
p'>p p'>p 

E Y(U°E(p"> ® L/Jl4) ® F(f7 9 ^ ® E/,), E Y(U°F^ ® U° q D' ± ) ® y(C/j£>£ ® I?,), 

E Y(u q D' ± ® l\ ^')) ® y(l/, ® t7,°i>£), E ^(^"^i ® f/°^ (p,) ) ® f(c/ 9 ® f/ 9 °^±), 

p'~>p p'^P 

E Y(U°D' ± ® L\ £(p')) ® F^ ^ ® C7 9 ), E F(C7°.E4 ® t7°F^) ® y(C/JZ>£ ® 0,). 

p'>p v'^LV 

Note that these sets are all contained in (U q v )® 2 by Lemma T3. 101 
6.3 Filtrations of (L? cv )® n 

For n > 1 and a filtration {X p } p > of , we define a filtration {X p n) } p >o of (1> V )®« by 

n 

4"' = E^D^ ® ® (t7 9 OV )®"- J . 

3=1 

For n > 1, we define the filtration {(y Z5 ) p n) } p >o of (1> V )®" by 

OO^ = { E (i7 c T l_1 ® y ' ® (t^)®i-i-i g, y " ® (u^n-j \Yv'®y" g COpI 

l<2<j<n 

+{ E (ED®* -1 ® w" ® (^T^ 1 ® j/' ® (C/| v )®"- J ' ^t/'®!/"e 

l<i<j<n 



-{ EK v )® fc_1 ® «v ® (or)®" - * i E f ' ® f " e w 

fc=i 

-{EK V )^ _1 ® 2/V ® (Err*-* i £y ® j/" G (^)p>. 



k=i 
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Lemma 6.6. For n>l,p> 0, we have (y D ) p n) C G\ n l. 

L 2 J 

Proof. It is enough to prove that all the generators of (y D ) p are contained in j • 
We prove 

J2 Y(U° q E^ ® U°D') ® Y(U°D" ® £7,) c G[ ^ . 
p'>p 

Similarly for the other generators of (3^ £> )p- For p > 0, let us assume 

J2Y(U°E^ ® D') ® F(D" ® £/,) C G p 2) . (60) 

Then, similarly to ()36l) . for p' > p, we have 

^F(t7°£ (p,) ® C/Jd') ® Y{U Q q D" ® U q ) 
= Y{U° q E { v r) ® D'U° q ) ® Y(U° q D" ® E7,) 

C 2 Y(U^(E^) {1) ® £7°) (f(c7°(^')) (2) ® £>') < C7°) ® (C7° > F(D" ® C7 g ))F(^° ® U q ) 
C £ F(t7°(^'>) (1) ® U°)Y(U°(E^\ 2) ® D') ® ® f7 g )F(/7° ® C/ 9 ) 

P'l+P2=P' 

c 5^ (y p{ ■ Y{u° q E^ ® £>')) ® ® £/,) ■ t/f) 
pi +p 2 =p' 

c 53 yg 5 • (f(£/°£^) ® d') ® ® Eg • t/ g cv ) 
pi +p 2 =?' 

y y(?).GrP) c y G (2) -G (2) c V G (2) f , M c G (2) , c G^ . . 

->i P 2 Pi P 2 Z^ maxCpi.pi) LfJ 

p'i+P 2 =P' Pi+P 2 =P' Pi+P 2 =P' 

Now, we prove (|TO1) . Similar to (j3"T)l . for b £ U q homogeneous, we have 

53 Y(U° q E^ ® D') (g) y(£>" ® 6) = 53(^°^ (p) > iH 6 ^)^^ ® S'- 1 (6 ( 2))6 ( i), 

with 6(i), 6(2) G U q homogeneous such that 5 _1 (6(i))6(2) G U q v . 
If |6(2)| G 2Z, then we have 

(C/°E (p) >^-l b (2) 1)^16(2) I c g p c G p . 

If 1 6(2) G Z \ 2Z, then we have 

(U°E^ >if-l b (2,l) A Hf'(2)l c c p c G p . 

Thus, we have 

Y,(UqE {p) > Jir-i'wijjri'wi ® 5- 1 (6 (2) )6 (1 ) c G p ® f/ g ov C G p 2) . 

Hence we have the assertion. □ 
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6.4 Completions 

Let (Ug V y denote the completion of U° v in Uh with respect to the filtration {G p } p >q, i.e., 
(C/° v )~is the image of the map 

hm (U c q v /G p ) -> U h 
p 

induced by the inclusion J7° v C Uh- Since G2 P = A p C h p Uh, this map is well-defined. 

Let (C/ g ov )^" denote the completion of (C/ g cv ) 8n in C/,f™ with respect to the filtration 
{G p }p>o- For n = 0, it is natural to set 

Gf = 

Thus, we have 

(t/ev ) ^0 = %!g -l ] _ 

6.5 Proof of Theorem [TT21 

Let T G -BT^j be a boundary bottom tangle and (T; 5,5!,..., <?„) a boundary data for T. Let 
C(T) = {ci, . . . , q} be the set of crossings of the diagram of T which we fix in the definition 
of Jf. We fix these notations in this section. 
By Proposition l3.11[ we have 

for s € S(T). In this section, we prove Theorem II .21 i.e., we prove 

j t = /« [9i '-' s " ] F^(j f) j g (c/ g cv r®". 

ses(f) 



Since /i^ 1 '— >ff™l(Gp ) C Gp for p > 0, it is enough to prove the following lemma. 

Lemma 6.7. For each p > 0, i/iere are on/y finitely many states s G S(T) such that 
Y® 9 (JfJ i 4' 



(■'<) 



We use the setting in in Section[3J where we can consider a state s G S(T) as a parameter. 

Lemma 6.8. There is a map B: S(T) — > Tg, s t— > B s , satisfying the following conditions: 
For all s G S(f), we have Y®3(J f J G T'(B S ){1), and we have B s = 64 o 63 o 6 2 o 6f with 
(61,62,63,64) G Tg such that &2o6f = aobf with a G Hom(^4@) and 6f as in |^5| ) replacing s p 
with s(c p ) for p = 1, . . . , 1%, where any part of B s except (6 s (ci)) ® • ■ • <8> (@s( Ci )) * n &f ^oes 
raoi depend on s G S(T). 

Proof. We can define £? as in Lemma 16.81 by constructing B s as follows. First, we choose 
a state x G S(T), and construct Bfi G T 9 so that Y® 9 (Jf x ) G .F(-Bo)(l) as in the proof 
of Lemma O By the definition, we have Y®9(J f J G J"(Bg)(l) for all state s G 5(f), 
where Bq G F g is obtained from Bq by replacing (Q x (c p )) with (0 s ( Cp )) for p = 1, . . . , Z2- 
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Second, we transform B$ into some B x G Tg by using the preorder ^ and ;<'. We have 
Y® 9 (Jf x ) G J r '(B :!: )(l) by Lemma T5.3I and [5T6l Here, since ^ and X' each does not depend 
on any (©^(c,,))) we can obtain the desired £> s 6 Tg from by replacing {Q x (c p )} with 
(0 s ( Cp )> forp= 1,...,Z 2 . □ 

We take B: S(f) -> r£, s B s , as in Lemma EH For s G 5(f), recall from (HJ) the 

modification 6f (ii, ii, • • • , i; 2 , U 2 ) of 6f with respect to i p G Z(s(c p ), m p ) and i p G I(s(c p ), n p ) 
forp = l,...,/ 2 . 

For s G 5(f), and 

ip = (*(p,o,i), ■ • ■ ,i( P ,o,m p )) el(s(c p ),m p ), i p = (i( p ,i,i), • . . , *(p,i,n p )) e I(s(c p ), n p ), 
for p = 1, . . . , ?2j set 

iV s (ii,ii, . . = max{i (pAi) ,i (p4J) | 1 < i < m p , 1 < j < n p , l<p< l 2 }, 

N s = min{JV*(ii,ii, . . .,k,U) I ip 6 X(s(c p ),m p ), i p G Z(s(c p ), n p ), 1 < p < l 2 }. 

We use the following lemma. 

Lemma 6.9. For r > 0, there are only finitely many states s G S(T) such that N" < r. 
Proof. Note that for i = (jx, . . . G I(k, I), k > 0, 1 > 1 we have 

k 

- < max(ix, . . .,i t ). 

Thus we have 

s{c p ) s(cp) 



max 



1 <p<l 2 } <N s {h,h,...,ii,ii), 



for all i p G X(s(c p ), m p ), i p G X(s(c p ), n p ), p = 1, . . . , Z 2 . Hence we have 

w s < N s . (61) 

It is not difficult to prove that, for r > 0, there are only finitely many states s G S(T) such 
that w 3 < r. This and (foTj) imply the assertion. □ 

Lemma 16.71 follows from Lemma 16.91 and the following lemma. 

Lemma 6.10. For s G S(T) and r > such that N s > 2r, we /icwe 

X'(6 4 ofe 3 o ( 7o6 s 1 (ii,ii,...,iz 2 ,i i2 ))(l) c G' 9) , 

for i p G I(s(c p ),m p ), i p G l(s(c p ), n p ), p=l,...,l 2 . 

Proof. The proof is similar to that of Lcmma l5.2l By replacing s p with s(c p ) for p — 1, . . . , 1%, 
we use the notations and results in the proof of Lemma 15.21 

Fix i p G X(s(c p ), m p ) and i p G X(s(c p ),n p ), for p = 1,...,Z 2 . Recall that we color the 
output edges of b{ (ii, ii, . . . , i; 2 , U 2 ) with the labels in V as in Figure [35] Note that 

M := N s (h,h,..-,ii,ii)=max{i a \ a G V} > N s > 2r. 
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Since the filtration {Gp} p >o is decreasing, it is enough to prove 

T 1 (6 4 o 63 o a o , h, . . . , i, a , i h )) (1) C G^ //2J . (62) 

We prove (p2"|) . Recall that Piso C 7-" denotes the set of isolated labels, and V\ denotes 
the set of unordered pairs {a, b} of mutually adjacent labels a, b G V. Set 

V Y =V\P iso = \JV 2 A . 

Set Mj so = max{i a | a G Vi so } and My = max{i a | a £ Py}. It is enough to prove 

(i) JP'(64o63°ao6f(i 1 ,i 1 ,...,i ;2 ,i i2 ))(l)cG^ ao (CG[1 W2J ), and 

(ii) T' (64 o 63 o cr o 6f (ii, ii, . . . , U 2 , U 2 )) (1) C /2J . 
Let us prove (i). Recall from (|56|) that 

F'{b 3 o a o b{ (iiJr, . . . , i i2J i ;2 ))(l) C U** ® (£7Jv)»'»+»'.. 
Thus, it is enough to prove 

^'(M (Vf^ 4 ® (£7^)^+®^ c G^ so . (63) 

Recall that the first Z4 input edges of 64 are connected to the left (resp. right) input edges 
of the (ad)'s (resp. (ad)'s), and the next I5 + Iq input edges of 64 go down to the edges of the 
(/x)'s and to the right (resp. left) input edges of the (ad)'s (resp. (ad)'s). By the definition of 
C p and C' p , we have 

ad(L/ z , g -B (p) ® U™) c Cp C G p , (64) 
ad([/z, g F (p) ® [7 9 cv ) c G; c G P) (65) 

for p > 0. We also have 

ad(l> v ® %/ (p) ) C ^d(C/° v 9 E^) 

C&d(S-\E( p) )®U° v ) (66) 
C &d{U°E^ g, i/jv) c C p c G p , 

for p > 0. Similarly, we have 

^d(C/ 9 ov ® C/z, 9 i ?,(p) ) C C; c G p , (67) 
for p > 0. Thus, (|63|) follows from (|64[) - (fl)7} and the inclusions 

KUz, q ® Gp) = /u(G p <g> U z>q ) C Gp, (68) 
ad([/ z , g <8> Gp) c Gp, ad(Gp <g> U z , q ) C G p . (69) 

for p > 0. We have finished the proof of (i). 
Let us prove (ii). Recall from ([501) that 

h 

o a o &i(ii,ii, . . . , ii 2 ,i* 2 ))(l) G ( Y[{ Sp W) ■ (U® 1 * ® J"'(Z)(1) ® (t/f )®' 6 ) , (70) 
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where Z e (Y)®' 5 Hom^(7, A®" 21 '-). We study F'{Z){\) by using the following inclusions 
instead of ([5T ]) -([5S p . 

For X 1} X 2 £ F} and i a ,ib>0 for {a, 6} e we have 

Y(U°x[^ ® ^°X^) C ({min(i, j)},!)- 1 • ^ max(W6) . (71) 

For example, we have 

Y(U%E™ 9 U%F&) = ({2},!)- 1 y(c7 g V ® U°F^) 
C ({2} g !)- 1 ^ 3 . 

We also have 

® ® ^(^°# b) ® C ({min^)},!)" 1 ■ (y D ) max(4a ^ b) , (72) 

^F^ !^ ® U° q D> ± ) ® F(C7 9 ^ ® C/°# 6) ) C ({min^)},!)- 1 • (y D ) max(ia , ib) . (73) 
J2^(U"D' ± ® U° q X^) ® Y{U Q q X^ ® £/°#0 C ({min^)},!)- 1 ■ (^) max(ia , i6 ), (74) 
X)^^®^*" 5 )®^^®^^) C ({min^.ii,)},!)" 1 • {y D ) m&<iatib) . (75) 
By the above inclusions ([7T |) -([75 |) . and by Lemmas 16.51 and 16.61 we have 

n (b™^))^ 1 - g Im y /2\- ( 76 ) 

Thus, by ((701), GBJ) and ([55]), we have 

7-' (6 3 o a o 6-(i ls i 1; . . . , i,„i Ia ))(l) C Uf* ® G[g y/2J ® (t/^T' 6 

For the proof of the claim, it is enough to prove the inclusion 

F'(b,)(u^ 9 G<{£%) C G{^ /2J , (77) 

which follows from (|68[) and (jBlJ). This completes the proof. □ 
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